HL Paper 3

. . tanz
a. Find lim — ;
z-0 Ttz ’

. . 2 2
b. Find lim 1=z +2z Inz
z—1 1—sin 5

Markscheme

. tanzx . 2
a. lim — = lim =252  MI1A41A41
z—0 T+ z—0 1+2z

. tanx 1
o =1=1 Al
[4 marks]
. g2 2 . —2z+2z+4xInz
b. lim 1=zt nz _ j3p, “SPPECTORT 14741
z—1 l—sm7 z—1 —5cos—

= lim 2M2%  M14141

751 2. m
—Ssin —
4 2

hm 1—z2+2z2 Inz —

4
z—1 1—sin Z 2
2 1

[7 marks]

Examiners report

a. This question was accessible to the vast majority of candidates, who recognised that L’Hopital’s rule was required. A few of the weaker
candidates did not realise that it needed to be applied twice in part (b). Many fully correct solutions were seen.
b. This question was accessible to the vast majority of candidates, who recognised that L’Hopital’s rule was required. A few of the weaker

candidates did not realise that it needed to be applied twice in part (b). Many fully correct solutions were seen.

Consider the differential equation

% = 2e” +ytanz, giventhaty=1whenx=0.

The domain of the function y is [O, 5 [

a. By finding the values of successive derivatives when x = 0 , find the Maclaurin series for y as far as the term in z3 .

b. (i) Differentiate the function e*(sin z + cos z) and hence show that
T 1 T :
e’ coszdr = 3¢ (sinz + cosz) + c.

(ii) Find an integrating factor for the differential equation and hence find the solution in the form y = f(z) .

(4]

[7]

(6]

E)



Markscheme

a. we note that y(0) = land y'(0) =2 Al

y" = 2e® + ¢ tanzx + ysec’z MI

y"(0) =3 Al

y" = 2e® +y" tanx + 2y'sec’x + 2ysec’ztanxz MI
y"(0)=6 Al

the maclaurin series solution is therefore
y=1+2c+3% 1o+ ... Al

|6 marks]

b. (i) %(ez(sinm +cosz)) =e"(sinz + cosz) + e"(cosz —sinz) Ml

=2e*cosz Al
it follows that

e coszdr = ~e®(sinz +cosz) +c AG
2

(i) the differential equation can be written as
S—Z —ytanz = 2e* MI

IF = ef ~tanede _ glncose — oo5p MJAT
cos w% —ysinx = 2e*cosx Ml
integrating,

ycosz = e*(sinz + cosz) + C Al
y=1whenx=0givesC=0 MI

therefore

y=¢e"(l1+tanz) Al

[9 marks]

Examiners report

o INA
o, [N/A]

a. (i) Show that floo gc(;dx, p # 0 is convergent if p > —1 and find its value in terms of p.

z+p)

(i) Hence show that the following series is convergent.

LR S S
1x05  2x15 3x25

b. Determine, for each of the following series, whether it is convergent or divergent.

(i) ism(m%5>

n=1

. 1 1 /1 1
(i1) \/;—i-\/;-*— TRV LR

(8]

(11]



Markscheme

a. (1) the integrand is non-singular on the domain if p > —1 with the latter assumed, consider

R 1 1 pR 1 1
fl —w(z+p)dm— E 1.7 zﬂ)dx MIAI

= (= )" 0 Al
i R 171’3’5

this evaluates to

1 R 1
E(InR—w—lnm),p#O M

1

£

jra —~lasR—>o00 RI

because

hence the integral is convergent AG

(i) the given seriesis 3 f(n), f(n) = — MI
n=1

the integral test and p =—0.5 in (i) establishes the convergence of the series R1
[8 marks]

b. (i) as we have a series of positive terms we can apply the comparison test, limit form
- 1
comparing with >° = M1
n=1

(1
lim M —1 MiAl

assinf ~ 0 for small0 RI

and —1 RI

_n’
n(n+3)
(so as the limit (of 1) is finite and non-zero, both series exhibit the same behavior)

[o¢]

1 L
> — converges, so this series converges RI
n=1"

(i) the general term is

1
n(n+1) Al
1 1
\/n(nJrl) > \/(n+1)(n+1) M1
L =1 4

(m+D)(nt1)  ntl
the harmonic series diverges RI
so by the comparison test so does the given series R1

[11 marks]

Examiners report



a. Part(a)(i) caused problems for some candidates who failed to realize that the integral can only be tackled by the use of partial fractions. Even
then, the improper integral only exists as a limit — too many candidates ignored or skated over this important point. Candidates must realize
that in this type of question, rigour is important, and full marks will only be awarded for a full and clearly explained argument. This applies as
well to part(b), where it was also noted that some candidates were confusing the convergence of the terms of a series to zero with convergence
of the series itself.

b. Part(a)(i) caused problems for some candidates who failed to realize that the integral can only be tackled by the use of partial fractions. Even
then, the improper integral only exists as a limit — too many candidates ignored or skated over this important point. Candidates must realize
that in this type of question, rigour is important, and full marks will only be awarded for a full and clearly explained argument. This applies as
well to part(b), where it was also noted that some candidates were confusing the convergence of the terms of a series to zero with convergence

of the series itself.

The function fis defined by

f(m)—ln(liw)

(a) Write down the value of the constant term in the Maclaurin series for f(z) .

(b)  Find the first three derivatives of f(z) and hence show that the Maclaurin series for f(z) up to and including the z3 term is z + 3”2—2 + %3
(c) Use this series to find an approximate value for In 2 .
(d)  Use the Lagrange form of the remainder to find an upper bound for the error in this approximation.

(e) How good is this upper bound as an estimate for the actual error?

Markscheme

(a) Constantterm=0 A1

[1 mark]

b fl(z)=1 Al

) - e a

F"(z) = _23_

(1-z)
F)=1; f/(0)=1; f"(0)=2 A4l
Note: Allow FT on their derivatives.

fle)=0+ L2 1?2l oy
Z2 (K3
[6 marks]



[3 marks]

(n+1) n+1
(d) Lagrange error = z ("11)(10) X (%) M1)

4

6 1 1
_14Xﬁ><ﬁ A2
(1-3)

giving an upper bound of 0.25. A1
[5 marks]

() Actualerror=1n2 — % =0.0265 Al

The upper bound calculated is much larger that the actual error therefore cannot be considered a good estimate.  RI
[2 marks]
Total [17 marks]

Examiners report

In (a), some candidates appeared not to understand the term ‘constant term’. In (b), many candidates found the differentiation beyond them with
only a handful realising that the best way to proceed was to rewrite the function as f(z) = — In(1 — ). In (d), many candidates were unable to

use the Lagrange formula for the upper bound so that (¢) became inaccessible.

The function fis defined on the domain } —5 5 { by f(z) =In(1+sinz) .

" _ 1
a. Show that f”(z) = — T - (4]
b. (i) Find the Maclaurin series for f(x) up to and including the term in z* . (7]

(i) Explain briefly why your result shows that f'is neither an even function nor an odd function.
In(1+4sinz)—z

c. Determine the value of lim [3]
z—0

22

Markscheme

a. fl(m) — COS T AI

1+sinz

" _ —sinz(l+sinz)—coszcos
f (m) o (H»sinz)2 MiAl

_ —sin x—(sin2m+c052x) Al
(1+sinm)2

=——1 4G

" T+sinz

[4 marks]

b- () f"(2) = iy A

. . 2 . 2
(4) _ —sinz(1+sinz)” —2(1+sinz)cos“z
(=) oo MiAl

f(O) = 0’ fl(O) =1, f”(O) =-1 Mi
f0) =1, fM(0) =2 4I



2 3 4

f@)=z-S+%5-—F+... Al

(i)  the series contains even and odd powers of x  RI

[7 marks]
. In(1+sinz)—z . T——+—+...—T
¢ lim ——— =lim ——%—— M1
z—0 T z—0 z
L I
=l A
1
-1 41

2

Note: Use of I’Hopital’s Rule is also acceptable.

[3 marks]

Examiners report

o INVA]
b, IN/A

.. INA

o0
The exponential series is given by e = % .
n=0 "
a. Find the set of values of x for which the series is convergent. [4]
b. (i) Show, by comparison with an appropriate geometric series, that [6]

2z
e —1<—— for0<z<2.
2—z

n
(i) Hence show that e < (%) ,forn e Z*.

c. (i) Write down the first three terms of the Maclaurin series for 1 — e~® and explain why you are able to state that [4]

l—etsa- T
e ">z 2,0r0<w<2.

n
(i) Deduce that e > (#) ,forn € Z*.

d. Letting n = 1000, use the results in parts (b) and (c) to calculate the value of e correct to as many decimal places as possible. [2]

Markscheme

a. using a ratio test,

i
== MiAl

n!

"

1%+1
T,

zn+1
(n+1)!

Note: Condone omission of modulus signs.

— 0 asn — oo for all values of x RI



the series is therefore convergent forz € R~ A1

[4 marks]
b. () e —l=az+2 +L+... Ml
<af:+%2+29”x32+... (forz >0) Al

=% (forz<2) A1
2

:% (for0<z<2) AG

(i) e <1+7Z =22 41
1

e< ($2)" a1

replacing x by % (and noting that the result is true for n > % and therefore Z* ) M1

2n+1\"
e<(35) 46

[6 marks]

w

. _ 2
c. (i) l1—e*=z-5+5+... Al
for 0 < z < 2, the series is alternating with decreasing terms so that the sum is greater than the sum of an even number of terms  R1
therefore
l-e?>z-2 AG
(i) e?<l-z+Z

e 1 M1
¢ (1—w+z—:)

1
9 z
e> (272:1:+z2> Al

replacing x by % (and noting that the result is true for n > % and therefore Z" )

2n? n AG
e> (2n272n+1)

[4 marks]
d. from (b) and (c), e < 2.718282...ande > 2.718281... Al

we conclude that e =2.71828 correct to 5 decimal places A1

[2 marks]

Examiners report

a. Solutions to (a) were generally good although some candidates failed to reach the correct conclusion from correct application of the ratio test.
Solutions to (b) and (c), however, were generally disappointing with many candidates unable to make use of the signposting in the question.

Candidates who were unable to solve (b) and (¢) often picked up marks in (d).



b. Solutions to (a) were generally good although some candidates failed to reach the correct conclusion from correct application of the ratio test.
Solutions to (b) and (c), however, were generally disappointing with many candidates unable to make use of the signposting in the question.
Candidates who were unable to solve (b) and (c) often picked up marks in (d).

¢. Solutions to (a) were generally good although some candidates failed to reach the correct conclusion from correct application of the ratio test.
Solutions to (b) and (c), however, were generally disappointing with many candidates unable to make use of the signposting in the question.
Candidates who were unable to solve (b) and (c) often picked up marks in (d).

d. Solutions to (a) were generally good although some candidates failed to reach the correct conclusion from correct application of the ratio test.
Solutions to (b) and (c), however, were generally disappointing with many candidates unable to make use of the signposting in the question.

Candidates who were unable to solve (b) and (c) often picked up marks in (d).

Determine whether or not the following series converge.

o0

@ > (sin2e —sin 507

n=0

) 3

X Vntl
(C) Z n(n—1)

n=2

Markscheme

@ 3 (sin%F - sin 22)

n=0
= (sinO — sin %) + (sin% — sinﬂ') + (sinﬂ' — sin 3—277) + (sin 37” — sin27r> +... Ml
the n'® term is +1 for all n, i.e. the n'™® term does nottendto 0 A1
hence the series does not converge A1

[3 marks]

(b) EITHER

using the ratio test (M1)

. Ayl 1. en-f—l g

fim 52 = i () () ¢z
n+171

lim (57 (25) = & (~0865) M4l

n—00

% < 1, hence the series converges RI1A41

NgE
[

g

3a

n 1\" ey oo (1"

) - (= —;(?)*; =) MIAl

the series is the difference of two geometric series, with 7 = = (~ 0.865) MI1A41
and = (~0.318) A4l

for both |r| < 1, hence the series converges RIAI

OR

vn, 0< S < & (MDAIAT



the series fr—nn converges since it is a geometric series such that |r| <1 AIRI
therefore, by the comparison test, i—;l converges RI1A1
[7 marks]

Va

(c) by limit comparison test with —, (M1)

n2

vn+l
. n(n—1) T vn+1 n? T n n+l
JL‘E%( 7 ) = Jim (S 22) = Jim gt/ S =1 Ml

n2

hence both series converge or both diverge RI

0 -3
by the p-test Y % = n"2 converges, hence both converge RI1A1
n=1

[6 marks]
Total [16 marks]

Examiners report

This was the least successfully answered question on the paper. Candidates often did not know which convergence test to use; hence very few full
successful solutions were seen. The communication of the method used was often quite poor.

a) Many candidates failed to see that this is a telescoping series. If this was recognized then the question was fairly straightforward. Often
candidates unsuccessfully attempted to apply the standard convergence tests.

b) Many candidates used the ratio test, but some had difficulty in simplifying the expression. Others recognized that the series is the difference of
two geometric series, and although the algebraic work was done correctly, some failed to communicate the conclusion that since the absolute
value of the ratios are less than 1, hence the series converges. Some candidates successfully used the comparison test.

c¢) Although the limit comparison test was attempted by most candidates, it often failed through an inappropriate selection of a series.

. . —_ 6
Find lim “% )
z—0 T

Markscheme
METHOD 1

f(0) = %, hence using I’'Hopital’s Rule, (M1)

g(l’) =1- COS(Z’6), h(w) — $12; M _ 6a° Sin(xﬁ) _ Sin(zﬁ) ALAl

' (z) 12211 220
EITHER
g'(0) 0 . tTA et 1 .
Wy 0’ using ’Hopital’s Rule again, (M1)
g"(z) _ 62°cos(a®) _ cos(zf)
R'(z) 122° - ) AlAl
g"0) _ 1 1
o) = 2 hence the limit is 5 Al
OR

. — 6 . .6
So lim =% — |y e 4
z—0 z z—0 2z



1. sing®
= - lim 282 4]
2 250 2z

— L since lim 322" — 1 A7 (RI)
z—0

2 240
METHOD 2

. . . . 2 4
substituting 2% for x in the expansion cosz = 1 — Tt M
L2 .24

1-(1-Z54Z2). .
1—cosz® ( 2 24)
DL = 5 MIAI

—Z 4... AlAl

lim =52’ — L pr747

Note: Accept solutions using Maclaurin expansions.
[7 marks]

Examiners report

Surprisingly, some weaker candidates were more successful in answering this question than stronger candidates. If candidates failed to simplify
the expression after the first application of L’Hopital’s rule, they generally were not successful in correctly differentiating the expression a ond

time, hence could not achieve the final three A marks.

4

. . . 2
(a) Given that y = Incosz , show that the first two non-zero terms of the Maclaurin series for y are —%- — 5.

(b)  Use this series to find an approximation in terms of 7 for In2 .

Markscheme
(@ f(z)=Incosz

fllg) = 222 — _tanz MIAI
f'(z) = —sec’z M1

f"(z) = —2secxsecxtanz Al

f*(z) = —2sec?z(sec?z) — 2tan z(2sec’z tan x)

= —2seclx — 4sec’ztan’z Al

f(@) = £(0) + 2 f'(0) + Z£"(0) + L £"(0) + 2 fi¥(0) + ...

f0)=0, MI
f'(0) =0,
f7(0) = -1,
f"(0) =0,

f0)=-2, Al

Notes: Award the A1 if all the substitutions are correct.



Allow FT from their derivatives.

In(cosz) ~ —3—? - % Al

[8 marks]

(b) Some consideration of the manipulation of In2  (M1)
Attempt to find an angle (M1)

EITHER

OR

4
2 4
In % ~— (T;) - 2%) Al
7‘,2 .”4
—3h2~ -8 I 4

[6 marks]

Total [14 marks]

Examiners report

Some candidates had difficulty organizing the derivatives but most were successful in getting the series. Using the series to find the approximation

for In 2 in terms of 7 was another story and it was rare to see a good solution.

Consider the differential equation j—z = 22 4 y® where y=1 whenx=0.
a. Use Euler’s method with step length 0.1 to find an approximate value of y when x = 0.4. [7]
b. Write down, giving a reason, whether your approximate value for y is greater than or less than the actual value of y . (1]

Markscheme

a. use ofy — y+h% (M1)



| b b
X ¥ ™ h i
0 1 1 0.1 Al
01 |11 1.22 0.122 Al
0.2 1.222 1.533284 0.1533284 Al
03 1.3753284 1981528208 0.1981528208 Al
04 |1.573481221 (41)

approximate value of y = 1.57 Al
Note: Accept values in the tables correct to 3 significant figures.

[7 marks]

. . . d . . .
. the approximate value is less than the actual value because it is assumed that % remains constant throughout each interval whereas it is

actually an increasing function RI

[1 mark]

Examiners report

a. Most candidates were familiar with Euler’s method. The most common way of losing marks was either to round intermediate answers to

insufficient accuracy or simply to make an arithmetic error. Many candidates were given an accuracy penalty for not rounding their answer to
three significant figures. Few candidates were able to answer (b) correctly with most believing incorrectly that the step length was a relevant

factor.

. Most candidates were familiar with Euler’s method. The most common way of losing marks was either to round intermediate answers to

insufficient accuracy or simply to make an arithmetic error. Many candidates were given an accuracy penalty for not rounding their answer to
three significant figures. Few candidates were able to answer (b) correctly with most believing incorrectly that the step length was a relevant

factor.

Consider the function f(x) = sin(parcsinz), —1 <z < landp € R.

The function f and its derivatives satisfy

(1 —2?) fe2(z) — (2n + Dz f ) (z) + (p? —n?) f™(z) =0, n e N

where (" (z) denotes the n th derivative of f(z) and £ (z) is f(z).

o

Show that f'(0) = p. 2]
Show that f(™2)(0) = (n? — p?)f™(0). [1]
Forp € R\{#£1, = 3}, show that the Maclaurin series for f(z), up to and including the z° term, is [4]
1—p? 9— 2)(1—p2
Pz + ( 3!P)w3 n p( ps)!( P )w5.

. sin(parcsinz)
Hence or otherwise, find lim ———. 2]

z—0



e. If pis an odd integer, prove that the Maclaurin series for f(z) is a polynomial of degree p.

Markscheme
a f’(m):%\/gnw) (M1)A1

Note: Award M1 for attempting to use the chain rule.

f(0)=p AG
[2 marks]

b. EITHER

Fe0) + (p? —n?) F™(0) =0 A1
OR

foreg, (1 — 2*) f0")(z) = (2n + 1)z f*(z) — (p* — n*) F")(2)

Note: Award A1 for eg, (1 — z2) f"*?)(z) — (2n 4 1)zf ") (z) = —

THEN
F(0) = (n? 5 f(0)  AG
[1 mark]

¢. considering f and its derivativesatz =0  (M1)

f(0) =0and f'(0) = pfrom (@ A1

Note: Only award the last A1 if either f(3)(0) =(1- p2)f(1)(0) and f(5)(0)

series has been stated and used.

1— 2 9— 2 1— 2
pm+p(3!p)w3+p( pS)!( P) 5 AG
[4 marks]
d. METHOD 1
2
lim sin(pagrccsinm) ~ lim pm+%x3+... iy
z—0 z—0
=p A1
METHOD 2
. . sin(p arcsin z) . pcos(parcsinz)
by I’Hépital’ lel =1
Yy opital’s rule mll}(l] 7 wli)l(l) Newr

=p A1

M1

p-—n

)0 ().

(9 — p*) £ (0) have been stated or the general Maclaurin

(4]



[2 marks]
the coefficients of all even powers of x are zero A1

the coefficient of 2P for (p odd) is non-zero (or equivalent eg,

the coefficients of all odd powers of  up to p are non-zero) A1

f®+2(0) = (p? — p?)f®(0) = 0 and so the coefficient of zP*2 is zero A1

the coefficients of all odd powers of & greater than p + 2 are zero (or equivalent) A7
so the Maclaurin series for f(z) is a polynomial of degree p  AG

[4 marks]

Examiners report

©o0o0 o

IN/A]
IN/A]
IN/A]
IN/A]
IN/A]

1

o0
Given that n > Inn for n > 0, use the comparison test to show that the series Z ——— is divergent.
n=0

In(n+2)

(32)"

o0
Find the interval of convergence for :L;O D)

Markscheme

a.

METHOD 1

In(n+2)<n+2 (A1)

1 1
ém>n—+2(forn>0) A1l

o0 o0
1 1
Note: Award AO for statements such as nZ::O D) > nz::(] —t

oo

> n+r2 (is a harmonic series which) diverges R1
n=0
Note: The R1 is independent of the ATs.

Award RO for statements such as %ﬁ diverges".

[e ]

1 . .
1o} n§::0 W2 diverges by the comparison test AG

METHOD 2

1 1

[o.¢] o0
Note: Award AO for statements such as > ﬁ >
n=2

n=

a correct statement linking n and n + 2 eg,

However condone such a statement if the above A1 has already been awarded.

%. However condone such a statement if the above A1 has already been awarded.
2

(3]

[7]



M8
Mg

M8
3| =
=

1 j—
— =
0n+ n

ad 1
Z Tm ©
n:O n=2 n 2

o]
Note: Award A0 for > %
n=0

oo

1, ) . . .
>~ = (is a harmonic series which) diverges
n=2

o0

(which implies that > ﬁ diverges by the comparison test)  R1
n=2

Note: The R1 is independent of the ATs.

(o]
Award RO for statements such as Z % deiverges and % diverges".
n=0

3 |

oo
Award ATAOR1 for arguments based on Z

o) Z dlverges by the comparison test AG

[3 marks]

(3z)"" In(n+2)

In(n+3) X (3z)" M1

b. applying the ratio test lim

n—oo

= |3z| (as lim

‘71 A1

Note: Condone the absence of limits and modulus signs.

Note: Award M1AO for 3x™. Subsequent marks can be awarded.

1
3

w| =

series converges for —- < z <

1

considering x = —% and z = M1

|

Note: Award M1 to candidates who consider one endpoint.

series is Z
n=0

1 C
whenz = 3, e +2) which is divergent (from (a)) A7

o0
Note: Award this A1 if Z ﬁ is not stated but reference to part (a) is.
n=0

(n+2)

(o]

o (-1)"
series is nX::Om A1

1
when x = —

o) _1y"
Z 1) converges (conditionally) by the alternating series test R1

(strictly alternating, |un| > |tn41| forn > 0 and hm (un) =0)

so the interval of convergence of S is —% <z < é A1
Note: The final A1 is dependent on previous A7s - je, considering correct series when x = —é and r = % and on the final R1.
Award as above to candidates who firstly consider x = 7% and then state conditional convergence implies divergence at ¢ = %

[7 marks]

Examiners report

IN/A]
b, [N/A]



Let the Maclaurin series for tan x be

tanz = ala:—i-agm?’ +a5a:5 +...

where a1, a3z and as are constants.

2

a.i.Find series for sec“z, in terms of a1, ag and as, up to and including the z* term

by differentiating the above series for tan ;

2w, in terms of a1, a3 and as, up to and including the z* term

a.iiFind series for sec
by using the relationship sec?z = 1 + tanZz.

b. Hence, by comparing your two series, determine the values of a;, a3 and as.

Markscheme

ai.(sec’r =) a; + 3azz® + Sasz* +... A1
[1 mark]

aiisec’z = 1+ (a1 + aszz® + azz® + .. .)?

=1+ a?w2 +2a,a3z* +... M1A1
Note: Condone the presence of terms with powers greater than four.

[2 marks]
b. equating constantterms: a; =1 A1

equating z2 terms: 3a3 = a% =1=a3= % A1

equating =4 terms: 5a; = 2a,a3 = % = a5 = 12_5 A1

[3 marks]

Examiners report
ai VA
aiNAl
b. [N/A]

d
Consider the differential equation % = % —zywherey > 0andy = 2 whenz = 0.

a. Show that putting z = 2 transforms the differential equation into % + 2z = 2z.

b. By solving this differential equation in z, obtain an expression for y in terms of x.

(1]

[2]

(3]

[4]

(9]



Markscheme

a. METHOD 1

r=y? =y =22

dy 1 dz
a — —221/2 H M1A1
ituting, —— 3 — 2 _ 4,1/2
substituting, 57 4o = Tz — 22 M1A1

%+2a:z:2w AG

METHOD 2
z=y?
4 _ 9y % p1a1
de ydz
dz _ 2
o = 2z —2zy" MI1A1
% =2xz=2r AG
xr
[4 marks]
b. METHOD 1

=ef2dz — o2 (7)A1

integrating factor
e’ g—; + 2zet’ 7 = 2ze®” (M1)

ze” = [2ze”dz A1

=" +C A1

substitute y = 2 therefore z = 4 whenax =0 (M1)
4=1+C

C=3 (A1)

the solution is z = 1 + 3¢’ (M1)
Note: This line may be seen before determining the value of C.

sothaty = 1/1 + 3e %" A1

METHOD 2

d

- =2z(1-2)

S 112(12: [2zdz M1

—In(1-2)=2>+C A1A1

1—z=e ¢ (orl —2z= Be_wZ) M1A1
solving for z  (M1)

z=1+Ae ™

z=4whenz =0 (M1)

so A=3 (A1)

the solution is z = 1 + 3¢~
soy=+/1+3e* A1

[9 marks]



Examiners report

a. Several misconceptions were identified that showed poor understanding of the chain rule. Although many candidates were successful in

establishing the result the presentation of their work was far from what is expected in a show that question.

b. Part (b) was well attempted using both method 1 (integration factor) and 2 (separation of variables). The most common error was omission of the

constant of integration or errors in finding its value. Candidates that used method 2 often had difficulties in integrating

z the subject often losing out on accuracy marks.

Consider the infinite spiral of right angle triangles as shown in the following diagram.

[]

The nth triangle in the spiral has central angle 6,,, hypotenuse of length a,, and opposite side of length 1, as shown in the diagram. The first right

angle triangle is isosceles with the two equal sides being of length 1.

o0
Consider the sefies Y 6,,.
n=1

. 1
arcsin
a. ( z+1 )

Using I’'Hopital’s rule, find lim
T—00

L
VE

b. (i) Find a1 and a5 and hence write down an expression for a,,.

(i) Show that 6,, = arcsin —

c. Using a suitable test, determine whether this series converges or diverges.

Markscheme

. 1
a. arcsm( NGy )

lim
T—r00

is of the form %

L
vz

correctly and making

(6]

(3

(6]



L2
— (a+1) 2

(=)
o+
and so will equal the limit of R M1M1A1A1

1 ,g
=7z

Note: M1 for attempting differentiation of the top and bottom, M1A1 for derivative of top (only award M1 if chain rule is used), A1 for derivative of
bottom.

3
. ((wil))i . T
= lim = hm( ) M1
T—00 T 2500 \ T+1

z+1

Note: Accept any intermediate tidying up of correct derivative for the method mark.

=1 At
[6 marks]

b. () a1 =+2, as=+3 A1
ap,=vn+1 A1

(i) sinf, =, = = Al

Note: Allow 0, = arcsin(ai) if ap, = vn + 1in b().

. 1
so 0, = arcsin AG
" N
[3 marks]
ad 1
C. for arcsin apply the limit comparison test (since both series of positive terms) M1
nzz:l v/ (n+1)
1
with — A1
=
arcsin —
from (a) ILm ———— =1, so the two series either both converge or both diverge M1R1
n—oo [y
v
o0
> % diverges (as is a p-series with p = %) A1
n=1
(o @]
hence Y 0, diverges A1
n=1
[6 marks]

Examiners report

CIN/A]
b, [N/A]

o IVA]



The sequence {uy} is defined by u,, = §Z—tf, forne Z*.

a. Show that the sequence converges to a limit L , the value of which should be stated. [3]
b. Find the least value of the integer N such that |u,, — L| < ¢, for all n > N where (4]
(1 e=0.1;
(i) e = 0.00001.
c. For each of the sequences {5~} , { ﬁ} and {(—1)"un} , determine whether or not it converges. [6]
d. Prove that the series > (u,, — L) diverges. 2]
n=1

Markscheme

3+2

5 1

using nlglgo% =0 Ml

obtain lim u, = > =L Al NI
n—00 2

[3 marks]

7
b u, — L= 202n-1) (Al

|un—L\<5:>n>%(1+%) (M1)

3 A
ors + 55— Ml

a. u, = 1

(i) e=01=N=18 Al
(i)) &=0.00001 = N = 175000 AI
[4 marks]
c. un%Land%HO Ml
= 2 — (L x 0) = 0, hence converges A1
2Qup —2—32L—2=1= —— — 1 hence converges MIAI

2u,—2
Note: To award A1 the value of the limit and a statement of convergence must be clearly seen for each sequence.

(—1)"uy does not converge Al

The sequence alternates (or equivalent wording) between values close to =L  RI
[6 marks]

d u, —L> % (re: harmonic sequence) M1

o0

= Y (un — L) diverges by the comparison theorem RI
n=1

Note: Accept alternative methods.

[2 marks]

Examiners report

a. The “show that” in part (a) of this problem was not adequately dealt with by a significant minority of candidates and simply stating the limit

and not demonstrating its existence lost marks. Part (b), whilst being possible without significant knowledge of limits, seemed to intimidate

some candidates due to its unfamiliarity and the notation. Part (c) was somewhat disappointing as many candidates attempted to apply rules on
the convergence of series to solve a problem that was dealing with the limits of sequences. The same confusion was seen on part (d) where also

some errors in algebra prevented candidates from achieving full marks.



b. The “show that” in part (a) of this problem was not adequately dealt with by a significant minority of candidates and simply stating the limit
and not demonstrating its existence lost marks. Part (b), whilst being possible without significant knowledge of limits, seemed to intimidate

some candidates due to its unfamiliarity and the notation. Part (c) was somewhat disappointing as many candidates attempted to apply rules on

the convergence of series to solve a problem that was dealing with the limits of sequences. The same confusion was seen on part (d) where also

some errors in algebra prevented candidates from achieving full marks.
c. The “show that” in part (a) of this problem was not adequately dealt with by a significant minority of candidates and simply stating the limit
and not demonstrating its existence lost marks. Part (b), whilst being possible without significant knowledge of limits, seemed to intimidate

some candidates due to its unfamiliarity and the notation. Part (c) was somewhat disappointing as many candidates attempted to apply rules on

the convergence of series to solve a problem that was dealing with the limits of sequences. The same confusion was seen on part (d) where also

some errors in algebra prevented candidates from achieving full marks.
d. The “show that” in part (a) of this problem was not adequately dealt with by a significant minority of candidates and simply stating the limit
and not demonstrating its existence lost marks. Part (b), whilst being possible without significant knowledge of limits, seemed to intimidate

some candidates due to its unfamiliarity and the notation. Part (c) was somewhat disappointing as many candidates attempted to apply rules on

the convergence of series to solve a problem that was dealing with the limits of sequences. The same confusion was seen on part (d) where also

some errors in algebra prevented candidates from achieving full marks.

The function f is defined by
-2, z<1
f(z) =
ar+b, z=z>1
where a and b are real constants.

Given that both f and its derivative are continuous at z = 1, find the value of a and the value of b.

Markscheme

considering continuity lim (z? —2) = —1  (M1)

z—1"
a+b=-1 (A1)

considering differentiability 2e = a whenx =1 (M1)

=a=2 A1
b=-3 A1
[5 marks]

Examiners report

[N/A]



Let f(x) be a function whose first and second derivatives both exist on the closed interval [0, h].

(h—z)°

Let g(z) = f(h) — f(z) — (b — 2)f'(z) — —z—(f(R) — £(0) — hf'(0)).

a. State the mean value theorem for a function that is continuous on the closed interval [a, b] and differentiable on the open interval ]a, b]. [2]
b. () Find g(0). 9]
(i)  Find g(h).

(i) Apply the mean value theorem to the function g(x) on the closed interval [0, k] to show that there exists c in the open interval |0, h]
such that g'(c) = 0.

(v) Find g'(z).

2(h—c)

—— (f(h) = £(0) — hf'(0)) = 0.

(vi) Deduce that f(h) = f(0) + hf'(0) + %2 1" (e).

(v} Hence show that —(h — ¢) f"(c) +

c. Hence show that, for h > 0 (8]

h2
1—cos(h) < 5.

Markscheme

a. there exists c in the open interval ]a, b[ such that A1

B —r(o) ar

Note: Open interval is required for the A1.

[2 marks]
b. () 9(0) = f(h) — £(0) — hf'(0) — 1 ( £(h) — £(0) — hf'(0))
=0 At
(i) g(h) = f(h) = f(h)—0-0
=0 A1

(ii) (g(x) is a differentiable function since it is a combination of other differentiable functions f, f’ and polynomials.)

there exists ¢ in the open interval |0, h[ such that

=g'(c) At

=0 A1

hence ¢'(c) =0 AG

2(h—z)

i) g'(z) = —f(2) + f'(z) — (b —2)f"(z) + == (f(h) — f(0) — hf'(0)) A71A1

Note: A1 for the second and third terms and A7 for the other terms (all terms must be seen).

2(h—2x)

= —(h—2)f"(z) + —5— (f(h) — f(0) — hf'(0))



(v) putting £ = c and equating to zero M1
h—c)

—(h—c)f"(c) + 2(T(f(h) — f(0) = hf'(0)) =g'(c) =0 AG
V) —f"(c) + = (F(h) = f(0) = hf'(0)) =0 A1
sinceh—c#0 R1
5£"(c) = f(h) = £(0) — hf'(0)
f(k) = F(0) +hf'(0) + 5 £"(c) 4G
[9 marks]
c. letting f(z) = cos(z) M1
f'(z) = —sin(z) f"(z) = —cos(z) A1
cos(h) =1+0— %Zcos(c) At
1 —cos(h) = %zcos(c) (A1)

since cos(c) <1 R1

h2

1—cos(h) < 5 AG

Note: Allow f(z) = a + bcos z.

[5 marks]

Examiners report

o INA
b, [N/A]
.. INA

b—a

. b—
a. Given that f(z) = In, use the mean value theorem to show that, for 0 < a < b, 5= < Inl <22

b. Hence show that In(1.2) lies between % and %, where m, n are consecutive positive integers to be determined.

Markscheme
a fl(z) =3 (A1)
using the MVT f/(c) = f(bl)):::(a) (where c lies between a and b)  (M1)

Flo) = e ag

ln% =Inb—Ina (M1)

since f'(z) is a decreasing functionora < ¢ < b = % < % < % R1

() < f'(e) < f'(a) (M1)

(7]

2]



1 1

7 <732 <3 Al

b—a b b—a

- < In; < — AG
[7 marks]

. putting b = 1.2, a = 1, or equivalent M1

1 1
(m =6, n=25)

[2 marks]

Examiners report

a. Although many candidates achieved at least a few marks in this question, the answers revealed difficulties in setting up a proof. The Mean value

theorem was poorly quoted and steps were often skipped. The conditions under which the Mean value theorem is valid were largely ignored, as

were the reasoned steps towards the answer.

. There were inequalities everywhere, without a great deal of meaning or showing progress. A number of candidates attempted to work backwards

and presented the work in a way that made it difficult to follow their reasoning; in part (b) many candidates ignored the instruction ‘hence’ and just

used GDC to find the required values; candidates that did notice the link to part a) answered this question well in general. A number of candidates

guessed the answer and did not present an analytical derivation as required.

o0

. . . —1)"z"
. Find the radius of convergence of the series nz::O %

o0
. Determine whether the series > (\3/ nd+1— n) is convergent or divergent.

n=0

Markscheme

a. The ratio test gives

n+1l_n+1 n
lim | %=t ] — % MiAl
n—ool Un n—oo| (n+2)3""(-1)"z"
. (n+1)z
n—oo| 3(n+2) Al
=4

3

. T
So the series converges for % <1, Al

the radius of convergence is 3 A1

Note: Do not penalise lack of modulus signs.

[6 marks]

b. u,=vVn3+1—n

(6]

[7]



:71(1+-§?-—§1~+§§g—”.—1) Al

. 1 J .
using v, = — as the auxilliary series, M1

. . 1 1 1 1 1
since lim > = - and - + =5 + = + = +...converges MIAI
el 3 12+22+32+42+ g

n

then ) u, converges Al

Note: Award M1A1AIMOMOAOAOQ to candidates attempting to use the integral test.

[7 marks]

Examiners report

a. Some corners were cut in applying the ratio test and some candidates tried to use the comparison test. With careful algebra finding the radius of

convergence was not too difficult. Often the interval of convergence was given instead of the radius.
Part (b) was done only by the best candidates. A little algebraic manipulation together with an auxiliary series soon gave the answer.

b. Some corners were cut in applying the ratio test and some candidates tried to use the comparison test. With careful algebra finding the radius of

convergence was not too difficult. Often the interval of convergence was given instead of the radius.

Part (b) was done only by the best candidates. A little algebraic manipulation together with an auxiliary series soon gave the answer.

Solve the differential equation

dy _y ¥
a—;+ﬁ(wherex>0)

given that y =2 when x = 1 . Give your answer in the form y = f(z) .

Markscheme

puty=vx sothatj—z = v—l—mg—z MIAl

the equation becomes v + mg—z =v+v* (4l
leading to m% =v? Al

separating variables, [ i—w = j—; MIiAl
hencelnz = —v !+ C AlAl

substituting for v, Inz = _Tz +C Ml

Note: Do not penalise absence of C at the above stages.

substituting the boundary conditions,
0=—2+C Ml

!
C=5 Al

T

the solution is Inz = _7 (Al)



leading to y = % (or equivalent form) A1

Note: Candidates are not required to note that x # /e .

[13 marks]

Examiners report

Many candidates were able to make a reasonable attempt at this question with many perfect solutions seen.

a. Find the set of values of k for which the improper integral f;o %k- converges. [6]

z(1
(e o] ( 1)7'
b. Show that the series )
r=2

rinr

is convergent but not absolutely convergent. [5]

Markscheme

a. consider the limit as R — oo of the (proper) integral

I2R z (I(Iilzm) k (M1)

substitute u = Inz, du = %daf: M1)

InR
obtain flinf #du = [f LL] Al

k=1 wk=1 [0
Note: Ignore incorrect limits or omission of limits at this stage.

or Inul"®ifk=1 Al

Note: Ignore incorrect limits or omission of limits at this stage.

because In R (and InlnR) — coas R — oo (M1)

converges in the limitif k>1 Al
[6 marks]

b. C:terms — Q0asr — oo Al

|urs1| < |u,| forallr Al

convergence by alternating series test RI

AC: (zlnz) ! is positive and decreasing on [2, c0) A1

not absolutely convergent by integral test using part (a) fork=1 RI1
[5 marks]

Examiners report

a. A good number of candidates were able to find the integral in part (a) although the vast majority did not consider separately the integral when k&
= 1. Many candidates did not explicitly set a limit for the integral to let this limit go to infinity in the anti — derivative and it seemed that some
candidates were “substituting for infinity”. This did not always prevent candidates finding a correct final answer but the lack of good technique
is a concern. In part (b) many candidates seemed to have some knowledge of the relevant test for convergence but this test was not always
rigorously applied. In showing that the series was not absolutely convergent candidates were often not clear in showing that the function being

tested had to meet a number of criteria and in so doing lost marks.



b. A good number of candidates were able to find the integral in part (a) although the vast majority did not consider separately the integral when &
= 1. Many candidates did not explicitly set a limit for the integral to let this limit go to infinity in the anti — derivative and it seemed that some
candidates were “substituting for infinity”. This did not always prevent candidates finding a correct final answer but the lack of good technique
is a concern. In part (b) many candidates seemed to have some knowledge of the relevant test for convergence but this test was not always
rigorously applied. In showing that the series was not absolutely convergent candidates were often not clear in showing that the function being

tested had to meet a number of criteria and in so doing lost marks.

. =S T .
Determine whether the series ) ;’7 is convergent or divergent.
n=1

Markscheme

Consider
Un+1 (n+1)10 10" MIAI
up 10"T x ni0

=L (1 + %)10 Al

— 11—0 asn — oo Al

o<1 RI

So by the Ratio Test the series is convergent. RI1
[6 marks]

Examiners report

Most candidates used the Ratio Test successfully to establish convergence. Candidates who attempted to use Cauchy’s (Root) Test were often less

successful although this was a valid method.

The diagram shows part of the graph of y = zLS together with line segments parallel to the coordinate axes.



(a) Using the diagram, show that 4% + 313' + Elg‘i_. < f3°° %dm < glg + % + g13'+. -
oo

(b) Hence find upper and lower bounds for > %

n=1

Markscheme

(a) The area under the curve is sandwiched between the sum of the areas of the lower rectangles and the upper rectangles. M2

Therefore
d
1><41—3+1>< 5i?,+1>< %+...<f300$—§ <1x 3L34—1>< 4%4—1>< 5—134— Al
which leads to the printed result.
[3 marks]

(b)  We note first that
o0

s =] =% M
3

= T2
Consider first
%:1+2_13+3_13+(:_3+5L3+6L3+...) MIAl

1
<1t g+ o+ MIAI
2

27
= 28 (1.22) (which is an upper bound) A1
Skl gt (Fhh 4 s.) Ml

1
>1+ g+ MiAl
i (1.18) (which is a lower bound) A1

[12 marks]
Total [15 marks]

Examiners report

Many candidates failed to give a convincing argument to establish the inequality. In (b), few candidates progressed beyond simply evaluating the

integral.

a—1 a a+1 X

Figure 1



a—1 a

Figure 2

a. Figure 1 shows part of the graph of y = % together with line segments parallel to the coordinate axes.

(1) By considering the areas of appropriate rectangles, show that

2a+1 (a+1>< 2a —1
a(a+1) a—1 afa—1)"

(i) Hence find lower and upper bounds for In(1.2).

b. An improved upper bound can be found by considering Figure 2 which again shows part of the graph of y = %

(i) By considering the areas of appropriate regions, show that

I ( a >< 2a—1
n .
a—1 2a(a — 1)

(i) Hence find an upper bound for In(1.2).

Markscheme

a. (i) the area under the curve betweena — 1 and a + 1

=t M
= [nz)*"] 41
- 1n(§) Al
1 1
lower sum = — + Py MIAI
_ 2a+1
~ a(atl) AG

= AG

it follows that

2a+1 a+1 2a—1
a(a+1) < hl(aTl) < a(a—1)

because the area of the region under the curve lies between the areas of the regions defined by the lower and upper sums

R1

(9]

[5]



(i)  putting
(ilzl.z) —~a=11 Al

a—1

therefore, UB = 2 (= 0.191), LB = o (= 0.174) Al

[9 marks]

b. (i) the area under the curve between ¢ — 1 and a

= [ L& 41

a-1"z
=[nz)* , = ln<a;il>

attempt to find area of trapezium M1

1

area of trapezoidal “upper sum” = = (

<+ %) or equivalent A1
2a—1
2a(a—1)

it follows that ln( a )< L 4G

a—1 a(a—1)

(i) putting
(75 =12)=a=6 a1

11
therefore, UB = (= 0.183) A1

[5 marks]

Examiners report

a. Many candidates made progress with this problem. This was pleasing since whilst being relatively straightforward it was not a standard
problem. There were still some candidates who did not use the definite integral correctly to find the area under the curve in part (a) and part
(b). Also candidates should take care to show all the required working in a “show that” question, even when demonstrating familiar results.

The ability to find upper and lower bounds was often well done in parts (a) (ii) and (b) (ii).

b. Many candidates made progress with this problem. This was pleasing since whilst being relatively straightforward it was not a standard
problem. There were still some candidates who did not use the definite integral correctly to find the area under the curve in part (a) and part
(b). Also candidates should take care to show all the required working in a “show that” question, even when demonstrating familiar results.

The ability to find upper and lower bounds was often well done in parts (a) (ii) and (b) (ii).

e (—2? + 222 + ), 2 < 1

, where a and b are constants.
ax +bx>1

The function fis defined by f(z) = {

a. Find the exact values of @ and b if f is continuous and differentiable at x = 1.

(8]



b.

(i) Use Rolle’s theorem, applied to £, to prove that 22* — 42® — 522 4 42 + 1 = 0 has a root in the interval |—1, 1[.

(ii) Hence prove that 2z* — 423 — 522 + 42 + 1 = 0 has at least two roots in the interval |—1, 1].

Markscheme

a.

lim e~ (—2z*+ 22 + ) = lim (az +b) (=a+b) Ml

z—1" z—1"

2¢'=a+b Al

differentiability: attempt to differentiate both expressions M1

fl(z) = —2pe (-2 +22° +z) + e (32 +4z+1) (z<1) Al
(or f'(z) = e (2z* — 42® — 5a® + 4z + 1))

fllz)=a (x>1) Al

substitute = 1 in both expressions and equate

—2el=a Al
substitute value of @ and find b = de=!  MI1AI
[8 marks]

L) fle)=e (20' —4a® — 522+ 4z +1) (forz<1) MI

) =f(-1) M1

Rolle’s theorem statement (A1)

by Rolle’s Theorem, f'(z) has a zero in|—1,1] RI

hence quartic equation has arootin |—1,1] AG

(i) let g(z) = 22* — 42 — 5a® + 4x + 1.

g(—1)=g(1) < 0and g(0) >0 MI

as g is a polynomial function it is continuous in [—1,0] and [0, 1]. RI
(or g is a polynomial function continuous in any interval of real numbers)
then the graph of g must cross the x-axis at least once in |—1,0[ RI
and at least once in |0, 1].

[7 marks]

Examiners report

a0 INVA]

b

(@)

(b)

(©
(d)

[N/A]

1
Using the Maclaurin series for (1 + )™, write down and simplify the Maclaurin series approximation for (1 — )2 as far as the term in

Use your result to show that a series approximation for arccos x is
m 1 5 3 5
arccost ~ — —z¢ — —x° — —z°.
2 6 40

™ 2 2
. ——arccos(z”)—z
Evaluate lim 2————F—.
z—0 z

Use the series approximation for arccos « to find an approximate value for

0.2
/ arccos(y/z)dz,
0

(7]



giving your answer to 5 decimal places. Does your answer give the actual value of the integral to 5 decimal places?

Markscheme

2+... MID

n(n—1
(a) using or obtaining (1 + z)* =1+ nz + ( 3 )

-1 _ 5 1 (2%’ 1 3
(1—n)2_1+(—:1:)><(—§>+ : x(-i)x(—g)ju... Al
=1+ 522+ 3at+... Al
[3 marks]

(b) integrating, and changing sign

arccosx = —x¢ — %:r3 — %w5 +C+... MIAl
putx =0,
5 =0 Ml
~ T 1.3 3.5

(arccosw Ryg—T— 52— 2 ) AG
[3 marks]
(c) EITHER
using arccos z2 ~ % —x? - %xﬁ — %mm MIAl
lim 2 ﬂ—arccoﬁsxz—xz — lim z—66+highe6r powers Midl
z—0 z z—0 T

1
=5 Al
OR
using I’Hopital’s Rule M1

1 2222
limit = lim == MI
z—0 6z
1 —

= lim - ””: Al

z—0 3z

1 1 3
-3 —3/2>< —4x

i e

70 12z

1
=5 Al
[5 marks]

(d) fo arccos v/zdz ~ fo L % - %wg) de MI

2
T 22 1 E ZO
:[wagmzfﬁmzfmm]o (A1)
T 2 3 1 5
— T %022 %027 — £ x 025 — 22 %021 (4D

=(.25326 (to 5 decimal places) A1

Note: Accept integration of the series approximation using a GDC.

using a GDC, the actual value is 0.25325 A1

so the approximation is not correct to 5 decimal places RI
[6 marks]

Total [17 marks]



Examiners report

Many candidates ignored the instruction in the question to use the series for (1 + z)™ to deduce the series for (1 — 22)~/2 and attempted instead
to obtain it by successive differentiation. It was decided at the standardisation meeting to award full credit for this method although in the event
the algebra proved to be too difficult for many. Many candidates used 1’Hopital’s Rule in (c¢) — this was much more difficult algebraically than
using the series and it usually ended unsuccessfully. Candidates should realise that if a question on evaluating an indeterminate limit follows the
determination of a Maclaurin series then it is likely that the series will be helpful in evaluating the limit. Part (d) caused problems for many
candidates with algebraic errors being common. Many candidates failed to realise that the best way to find the exact value of the integral was to

use the calculator.

(a) Using I’Hopital’s Rule, show that zlggo ze ™ =0.

(b) Determine foa ze %dz .

(¢) Show that the integral fooo xe *dx is convergent and find its value.

Markscheme

(1) lm %= lim & MIAI

z—o00 © T—00
=0 AG
[2 marks]

(b) Using integration by parts M1
[ we dz = [~ze ") + [} e dx  AIAI
=—ae *—[e 7]y Al

a

=1—ae *—e* Al

[5 marks]

(c) Since e ® and ae™“ are both convergent (to zero), the integral is convergent. RI
Itsvalueis 1. Al

[2 marks]

Total [9 marks]

Examiners report

Most candidates made a reasonable attempt at (a). In (b), however, it was disappointing to note that some candidates were unable to use
integration by parts to perform the integration. In (c), while many candidates obtained the correct value of the integral, proof of its convergence

was often unconvincing.



a. By successive differentiation find the first four non-zero terms in the Maclaurin series for f(z) = (z + 1) In(1 + z) — z.
b. Deduce that, for n > 2, the coefficient of ™ in this series is (—1)"

c. By applying the ratio test, find the radius of convergence for this Maclaurin series.

Markscheme

a. fz)=(z+1)In(l4+2z)—2z f(0)=0 A1

f'(z) =In(1+az)+

f"(z)=1+=z)' f"(0)=1 A1A1
@)= ~(1+a)? 1) =-1 A1

fO@)=214+2)"° fY0)=2 A1

fO(z)=-3x214+2)* fO0)=-3x2 A1
22 z3 z? 25

flo)=45 - +2 -5 ... MIA1

f(x)zlzﬁ_z%+3x4_4x5“‘

w

z? x x5

Note: Allow follow through from the first error in a derivative (provided future derivatives also include the chain rule), no follow through after a

second error in a derivative.

[11 marks]

(n—2)!
n!

b. £M(0) = (—1)"(n — 2)! So coefficient of £ = (—1)"

coefficient of " is (—1)"

n(n—1)

[1 mark]

c. applying the ratio test to the series of absolute terms

et
. Toom
lim —— M1A1
n—oo _le|
n(n—1)
. (n—1)
= lim |z| At

n=—oo' ' (n+1)
=|z| A1
so for convergence ‘:c| < 1, giving radius of convergence as 1

[6 marks]

Examiners report

/A
b, [N/A]

c. IVA]

—1(=In(1+2)) f'(0)=0 MI1IA1A1

A1

(M1)A1

n(n—1) "

(11]

(1]

[6]



Markscheme

using ’Hopital’s Rule (M1)

12
hII} <(C40t7rz> ) = lll’I} [#:c?m} AlAl
=

T 3 Z*)E
-1 1
= Tremear — x (MDAI
2

[5 marks]

Examiners report

This question was accessible to the vast majority of candidates, who recognised that L’Hopital’s rule was required. However, some candidates
omitted the factor 7 in the differentiation of cot . Some candidates replaced cot 7wz by cos wz/ sin 7wz, which is a valid method but the extra

algebra involved often led to an incorrect answer. Many fully correct solutions were seen.

Let f(z) =2z + |z|,z € R.

a. Prove that f'is continuous but not differentiable at the point (0, 0) . [71

b. Determine the value of [, f(x)dz where a > 0. 3]

Markscheme

a. we note that f(0) =0, f(z) =3z forz > 0and f(z) =z forz <0

lim f(z)=lim =0 MIAI

z—0" z—0"
lim f(z) = lim 32 =0 AI
z—0" z—0"

since f(0) = 0, the function is continuous whenx=0 A4AG

lim £(0+h)—£(0)

— Tim kb —
- —hmﬁfl MIAI

z—0" z—0"
lim f&WSO o 36 3 g
z—0" z—0" h

these limits are unequal R1
so fis not differentiable whenx =0 AG
[7 marks]

b. [* f(z)dz = f_oa zdz + [ 3zdz  MI

2 0 32 a
= 5] ], a

=a? Al



[3 marks]

Examiners report

a. [N/A]
b. [N/A]

Consider the curve y = %, z > 0.

n
LetU, = Y, % —Inn.

r=1

a. By drawing a diagram and considering the area of a suitable region under the curve, show that for r > 0,

1 1 r+1 1
r+1<n r <r'

b.i.Hence, given that n is a positive integer greater than one, show that

S 2 > In(1+n);

r=1

b.iiHence, given that n is a positive integer greater than one, show that

n

Y i<i+lnn
r=1

c.i.Hence, given that n is a positive integer greater than one, show that
U, > 0;

c.iiHence, given that n is a positive integer greater than one, show that
Uni1 < Up.

d. Explain why these two results prove that {Un} is a convergent sequence.

Markscheme

)
a.

¥ F+1

Note: Curve, both rectangles and correct zvalues required.

[4]

(3]

(3]

(1]

(3]

(1]



1 1
area of rectangles — and S Al

Note: Correct values on the y-axis are sufficient evidence for this mark if not otherwise indicated.

in the above diagram, the area below the curve between x = r and x = r + 1 is between the areas of the larger and smaller rectangle

1 r+1 d 1
T
or — < Tf S <+ (R)
integrating, f:ﬂ L — nz]l*' (=In(r+1)—1In(r)) A1
1 r+1 1
L<m(H) <t 4e
[4 marks]

b.i.summing the right-hand part of the above inequality fromr = 1tor = n,

n

n
PO Zm(#) M1
r=1 r=1

= 1n(%> +1n<%) +.. +1n(%) +1n("T“) (A1)

EITHER
:ln(%x%x...x%x"ni) A1
OR

In2-Inl1+mIn3—-Im2+...+In(n+1) —In(n) A1
=In(n+1) AG

[3 marks]

biiy +=1+5+3+...+7 <1—Hn(%)+ln<%)+...+ln(ﬁ> M1A1A1
r=1

n—1 n—1
(1+21r+1<1+211n(rj1)>

Note: M1 is for using the correct inequality from (a), A7 for both sides beginning with 1, A1 for completely correct expression.
Note: The 1 might be added after the sums have been calculated.

=1+Ilnn AG

[3 marks]

cifrom )i U, >In(l+n)—lnn>0 A1

[1 mark]
. n+1 n
Cily, —Up=Y £ —In(n+1)— X + +lnn M1
r=1 r=1

1 n+1

< 0 (using the result proved in (a)) A1



U,s1 < U, AG
[3 marks]

d. it follows from the two results that {Un} cannot be divergent either in the sense of tending to —oo or oscillating therefore it must be convergent

R1

Note: Accept the use of the result that a bounded (monotonically) decreasing sequence is convergent (allow “positive, decreasing sequence”).

[1 mark]

Examiners report

IVA]
b.i. VA

a. Find the value of hg%< Inz ) [3]

sin 27z

. . . 2 . _ o2

b. By using the series expansions for e* and cos x evaluate lim [ 2=5— ) .. [7]

y g p
250\ 1—cosz

Markscheme

a. Using I’Hopital’s rule,

1
. Inz . z
ili)nl < sin 27z ) = }}1}% < 27 cos 2mx ) MiAl

1
=5- Al
[3 marks]

b Lo 1—(1+m2+§+%?+...)
* lim (—) = lim M MIAIAL

z—0 \ 1—cosz z—0 1_(1__+____.>
2! 4!

Note: Award M1 for evidence of using the two series.



[7 marks]

Examiners report

a. Part (a) was well done but too often the instruction to use series in part (b) was ignored. When this hint was observed correct solutions
followed.
b. Part (a) was well done but too often the instruction to use series in part (b) was ignored. When this hint was observed correct solutions

followed.

A curve that passes through the point (1, 2) is defined by the differential equation

d
d—i:?m(l—kmz—y).

(a) (1) Use Euler’s method to get an approximate value of y when x = 1.3 | taking steps of 0.1. Show intermediate steps to four decimal places
in a table.

(1)) How can a more accurate answer be obtained using Euler’s method?

(b)  Solve the differential equation giving your answer in the form y = f(x) .

Markscheme

(@)

x; Vi ¥ Ay M1
1 2 0 0
1.1 ) 0.4620 | 0.0462

1.2 [ 2.0462 | 0.9451 | 0.0945
1.3 [ 21407 A2

Note: Award 42 for complete table.

Award A1 for a reasonable attempt.

f(1.3) =2.14 (accept 2.141) Al

(i) Decrease the step size A1

[5 marks]



®) 2 =2(1+a22—y)

L} opy = 20(1+a?) MI
Integrating factor is ef2de — o MI4]
So, e’y = [ (2ze” + 2ze” a?)dz Al
= e + g% — f2ace’”2dac MIiAl

= e 4+ 2% — e +k

=22 +k Al

y=x>+ ke "
r=1,y=2—-2=1+ke? Ml
k=e

y=22+e"" Al

[9 marks]

Total [14 marks]

Examiners report

Some incomplete tables spoiled what were often otherwise good solutions. Although the intermediate steps were asked to four decimal places the

answer was not and the usual degree of IB accuracy was expected.

Some candidates surprisingly could not solve what was a fairly easy differential equation in part (b).

. d
The variables x and y are related by % —ytanxz =coszx.

(a) Find the Maclaurin series for y up to and including the term in z? given that
™ _
y=—5 whenx=0.

(b)  Solve the differential equation given that y = 0 when = 7 . Give the solution in the form y = f(z) .

Markscheme

dy

(@) from — —ytanz +cosz, f'(0) =1 Al

2

now 373; = ysec’z + %tanaz —sine MIAIAIAI

Note: Award A1 for each term on RHS.

= f'(0)= -2 Al

2

=y=—5+z— 5 Al

[7 marks]



(b) recognition of integrating factor (M1)
integrating factor is e/ ~ tanzdz

—elneosz  47)

=cosx (Al)

= ycosz = [cos’zdz M1

= ycosz = %f(1+cos2x)dm Al
:ycosx:%—i—%—l—k Al
Whenmzﬂ,y:0:>k:f% MiAl
= ycosz = ¢ + Sirfx -5 (4D
=y =seczr (% + Sirfz — %) Al
[10 marks]

Total [17 marks]

Examiners report

Part (a) of the question was set up in an unusual way, which caused a problem for a number of candidates as they tried to do part (b) first and then
find the Maclaurin series by a standard method. Few were successful as they were usually weaker candidates and made errors in finding the
solution y = f(z) . The majority of candidates knew how to start part (b) and recognised the need to use an integrating factor, but a number failed
because they missed out the negative sign on the integrating factor, did not realise that e™°* = cos z or were unable to integrate cos’z . Having

said this, a number of candidates succeeded in gaining full marks on this question.

d
Consider the differential equation x% —y=2aP + 1where x € R, ¢ # 0 and p is a positive integer, p > 1.

a. Solve the differential equation given that y = —1 when z = 1. Give your answer in the form y = f (). [8]
d
b.i.Show that the z-coordinate(s) of the points on the curve y = f (a:) where % = ( satisfy the equation Pl = %. [2]
d
b.iiDeduce the set of values for p such that there are two points on the curve y = f (z) where d—Z = 0. Give a reason for your answer. [2]

Markscheme

a. METHOD 1

dy y 1
i S L)

. . 1d
integrating factor = el 7l My

=e T (A7)

y - 1
- = 2+F (M1)



y —1 1

Note: Condone the absence of C.

y:p%lmp—l—Ca:—l

- 1
substitutingz =1, y=-1=C = -7 M1

Note: Award M1 for attempting to find their value of C.

1
y:pj(xp—ac)—l A1l

[8 marks]
METHOD 2
dy dv
put y = vz so that W vt M1(A1)

substituting, M1

x(v+w%)7vac:ac1’+l (A1)

dv —1 1

L P -
ro =2+ M1
dv p—2 1
T =T Tt

vzp%lxp’l—%—kc A1

Note: Condone the absence of C.

y:p%lmP—FCx—l

substitutingz = 1,y = -1 = C = —p%l M1
Note: Award M1 for attempting to find their value of C.
y:p%l(zp—m)—l Al

[8 marks]

.i.METHOD 1

. d d
find <~ and solve — = 0 for x
dz dz

dy 1 _
Hzpj(pmp 1—1) M1
%:Oépx”_l—lzﬂ A1
pxP~l =1

AG

METHOD 2

d
substitute d—z = 0 and their y into the differential equation and solve for

dy zP—x
T=0=—(ZF)+1=ar41 M1

P —x =P — pxP A1
prPl =1
Note: Award a maximum of M1AQO if a candidate’s answer to part (a) is incorrect.

1

P~ = AG

ST



[2 marks]

b.iithere are two solutions for  when pisodd (andp > 1 A1

if p — 1 is even there are two solutions (to 2! = %)
and if p — 1 is odd there is only one solution (to 2Pl = %) R1

Note: Only award the R1 if both cases are considered.

[4 marks]

Examiners report

a. [N/A]
[N/A]

b il [N/A]

oo
a. Use the limit comparison test to prove that converges. [5]
n

1
= n(n+1)

Sl (71)"+11‘n+1

¢. Using the Maclaurin series for In(1 + ) , show that the Maclaurin series for (1 + z)In(1 + z)isz + > ~— ) [3]
n=1

Markscheme

o0
a. apply the limit comparison test with 21 % Ml
1 =
n(n+l) . T
R T

lim =1 MiAl
n—oo
(since the limit is finite and # 0 ) both series do the same RI

we know that Z — converges and hence Z also converges RIAG

+1)
[5 marks]
c. 1+z)ln(l+z)=1+=) (:v :”2—24-%3—%...) Al

2 3
— _2 2 2 3”_ 2t b
—<x s T3 T ) ( 2 3 4"‘)

o

EITHER
Lt 00 (71)"+1wn+1
=z+ Z n+l + nzz:l n Al

—at 3 () (S )

OR

T+ 1,%>m2,(%,%>m3+(%,i>x4,.” Al
e 1 n 1

—a 3 (e (B k)
[o¢] 7n+ln+1

:x+z(1)7w AG

n(n+1)



Examiners report

a. Candidates and teachers need to be aware that the Limit comparison test is distinct from the comparison test. Quite a number of candidates lost

most of the marks for this part by doing the wrong test.

Some candidates failed to state that because the result was finite and not equal to zero then the two series converge or diverge together. Others

oo
forgot to state, with a reason, that > % converges.

n=1

c. Candidates and teachers need to be aware that the Limit comparison test is distinct from the comparison test. Quite a number of candidates lost

most of the marks for this part by doing the wrong test.

Some candidates failed to state that because the result was finite and not equal to zero then the two series converge or diverge together. Others

oo
forgot to state, with a reason, that > % converges.
n=1

In part (b) finding the partial fractions was well done. The second part involving the use of telescoping series was less well done, and students
were clearly not as familiar with this technique as with some others.

Part (c) was the least well done of all the questions. It was expected that students would use explicitly the result from the first part of 4(b) or
show it once again in order to give a complete answer to this question, rather than just assuming that a pattern spotted in the first few terms
would continue.

Candidates need to be informed that unless specifically told otherwise they may use without proof any of the Maclaurin expansions given in

the Information Booklet. There were many candidates who lost time and gained no marks by trying to derive the expansion for In(1 + z).

In this question you may assume that arctan z is continuous and differentiable for x € R.

a. Consider the infinite geometric series 1]
1-22 42t —25+... Jz) <1
Show that the sum of the series is lez
b. Hence show that an expansion of arctan x is arctanz = x — 3;—3 + %o — %7 +... [4]
c. fis a continuous function defined on [a, b] and differentiable on |a, b[ with f/(x) > 0on]a, b[. [4]

Use the mean value theorem to prove that for any z, y € [a, b], if y >  then f(y) > f(z).
d. () Given g(z) = ¢ — arctan z, prove that g'(z) > 0, for z > 0. [4]

(i)  Use the result from part (c) to prove that arctan < z, for z > 0.

3
e. Use the result from part (c) to prove that arctanz > = — % forx > 0. [5]
f. Hence show that 0= < 7 < o [4]
' 3v3 V3’

Markscheme

1

Tz A1AG

a r=—z2, §=

[1 mark]

1

. m:17m2+$47136+...

b



EITHER

flﬂzda:—fl—x +zt—20+...dz M1

£3 7

_ z° T
arctanw—c+m—?+?—7+... A1

Note: Do not penalize the absence of c at this stage.

when £ = 0 we have arctan0 = chencec =0 M1A1
OR

1 [T _ 42 4 _ 46
o ppdt=Jy 1-+t*—t0+...dt  MI1A1A1
Note: Allow z as the variable as well as the limit.

M1 for knowing to integrate, A1 for each of the limits.

z7

larctant]; = [t — & —l— - - = }
- ..

hence arctanz = ¢ — % + % — AG

[4 marks]

. applying the MV'T to the function f on the interval [z, y] M1
——— = f(¢) (forsomec €|z, y[) A1

W >0 (as f'(c) >0) R1
fly)— f(z) >0asy >z R1
= f(y) > f(z) AG

Note: If they use z rather than c they should be awarded M1AORO, but could get the next R1.
[4 marks]

1

1+2? Al

. () g(z) =z —arctanz = ¢'(z) =1—

this is greater than zero because ﬁ <1 R1

sog'(z) >0 AG

(i) (g is acontinuous function defined on [0, b] and differentiable on ]0, b[ with g'(z) > 00n |0, b[ forall b € R)
(If z € [0, b] then) from part (c) g(z) > g(0) M1

T —arctanz > 0 = arctanz <z M1

(as b can take any positive value it is true forall z > 0) AG

[4 marks]

. let h(z) = arctanx — (:Jc — %) m1

(h is a continuous function defined on [0, b] and differentiable on ]0, b[ with A’(z) > 0 on ]0, b))
W(z)=— — (1—122) A1

1-(1—z?)(1+2? 4
= DO 2t yaq
1+z 1+




h'(z) > 0 hence (for z € [0, b]) h(z) > h(0)(=0) R1

3

= arctanz > — % AG

3
Note: Allow correct working with h(z) = & — % — arctan .

[5 marks]

3
use of x — % < arctanz <z M1

|~

choice of x = 7 A1

1 1 T 1

— - =< o< = M
V3 9v3 6 V3

8 T 1
g\/§<6<\/§ A1l

Note: Award final A1 for a correct inequality with a single fraction on each side that leads to the final answer.

[4 marks]

Total [22 marks]

Examiners report

a.

Most candidates picked up this mark for realizing the common ratio was —z2.

. Quite a few candidates did not recognize the importance of ‘hence’ in this question, losing a lot of time by trying to work out the terms from first

principles.
Of those who integrated the formula from part (a) only a handful remembered to include the ‘4-¢’ term, and to verify that this must be equal to zero.
Most candidates were able to achieve some marks on this question. The most commonly lost mark was through not stating that the inequality was

unchanged when multiplyingby y — z as y > =.

. The first part of this question proved to be very straightforward for the majority of candidates.

In (i) very few realized that they had to replace the lower variable in the formula from part (c) by zero.

Candidates found this part difficult, failing to spot which function was required.

Many candidates, even those who did not successfully complete (d) (ii) or (€), realized that these parts gave them the necessary inequality.

d
Consider the differential equation % + <%) y = 2, given that y = 2 when = 0.
a. Show that 1 + 2 is an integrating factor for this differential equation. [5]
b. Hence solve this differential equation. Give the answer in the form y = f(x). [6]



Markscheme

a. METHOD 1

attempting to find an integrating factor  (M1)

[ %dx =In(1+2?) (M1)A1

IFis e(1+2)  (M1)A1
=1+2% AG
METHOD 2

multiply by the integrating factor

(1+ m2)j—z +2zy = 22(1 + 2?) M1A1

left hand side is equal to the derivative of (1 + z?)y

A3

[5 marks]

b. (1+a?)L +2zy = (1+2%)a? (M)

% [(1 + m2)y] =z 4+

w

(1+2?)y=([f2*+2'dz =) %

1 3 5
y= (5 + 5 +c)

z=0,y=2=c=2 MI1A1

1+a2

y= ! (%3+%5+2) A1

[6 marks]

w

+ = (+c) A1A1

Examiners report

a0 INVA]
b, IN/A]

Consider the function f(z) = —

5 4
8. |llustrate graphically the inequality, % Zl f (g) < fol f(z)dz < % z%)f <%>
- =

b. Use the inequality in part (a) to find a lower and upper bound for 7.

n—1
C. Show that ) (—1)"2* =
r=0

n—1

o

- Hence show that m = 4 (
r=0

Markscheme

142’

Z

1+22

=

2r+1

eR.

1H(—1)" g2

_ (_1)n—1

1 g
0 1+z2

dz).

(3]

[5]

2]

4]



061 : | A1A1A1

C $ t = X
0.2 0.4 0.6 0.8 1

A1 for upper rectangles, A1 for lower rectangles, A1 for curve in between with0 < z <1

1 5 1 1 4

T T
= =l
[3 marks]
. attempting to integrate fromQto1 (M1)
fol f(z)dz = [arctan ||
s

attempt to evaluate either summation (M1)
1 T ‘II' 1 T
EZf(E) <z<32f(3)
r=1 r=0
5

hence%;f(%) <7r<%§%f<%>

s02.93 <mw<3.33 A1A1

Note: Accept any answers that round to 2.9 and 3.3.

[5 marks]
. EITHER
n—1
recognise . (—1)"z% as a geometric series with r = —x2 M1
r=0
2\ 1) g2
sum of 1 terms is 2 zz,) = I )2 i M1AG
1-——z 1+z
OR
n—1

S (1) 1+ 22z =1+ 22)2° — (1 + 22)2? + (1 + 22)z* + ...
r=0

-‘1-(—1)"71(1 +m2)w2n72 M1
cancelling out middle terms M1
=1+ (-1)" 'z AG

[2 marks]
! 1 1
r n—1 g
: E (—1) % = Tz + (—1) —

integrating fromQ0to1 M1



n-1 or41 1
[ZO(— W] = fy f@)de + (~1)" [ Eode  A1A7

fol flx)dze =3 A1

n—1 r
B (1) 1
som =4 (7‘:0 T f = ) AG

[4 marks]

Total [14 marks]

Examiners report

o IVA]
b IN/A]
IN/A]
IN/A]

Use L’Hopital’s Rule to find lim Folseoss
T—

sin"z

Markscheme

apply I’Hépital’s Rule to a 0/0 type limit

. T_1_ . e’ —cosztxsinz
lim &—=°%2% — lim “Senzcosm MIAI
z—0 sin“z r—0 sinx cos

noting this is also a 0/0 type limit, apply I’Hépital’s Rule again ~ (M1)

. .
e”+4sinz+x cos z+sinx AI

obtain lim
250 2cos 2z

substitution of x=0 (M1)

=05 Al
[6 marks]

Examiners report

The vast majority of candidates were familiar with L’Hopitals rule and were also able to apply the technique twice as required by the problem. The
errors that occurred were mostly due to difficulty in applying the differentiation rules correctly or errors in algebra. A small minority of candidates

tried to use the quotient rule but it seemed that most candidates had a good understanding of L’Hopital’s rule and its application to finding a limit.

A function f is given by f(z) = fox In(2 + sint)dt.

a. Write down f'(z). [1]
2
b. By differentiating f(acQ) obtain an expression for the derivative of foz ln(2 + sin t)dt with respect to . [3]

c. Hence obtain an expression for the derivative of f 2 + sin t)dt with respect to x. [3]



Markscheme

a. In(2+sinz) Af

Note: Do not accept In(2 + sint).

[1 mark]

b. attempt to use chainrule (M1)

& (f@) = 22f'(a?) (A1)
=2z ln(2 + sin(:vQ)) A1
[3 marks]
c. [7 ln 2+ sint)dt = fo n(2 + sint)dt — [ In(2 + sint)dt (M1)(A1)
= (fz n(2 + smt)dt) =2zIn(2 + sin(z?)) — In(2 + sinz) A7

[3 marks]

Examiners report

a. Many candidates answered this question well. Many others showed no knowledge of this part of the option; candidates that recognized the

Fundamental Theorem of Calculus answered this question well. In general the scores were either very low or full marks.

b. Many candidates answered this question well. Many others showed no knowledge of this part of the option; candidates that recognized the

Fundamental Theorem of Calculus answered this question well. In general the scores were either very low or full marks.

c. Many candidates answered this question well. Many others showed no knowledge of this part of the option; candidates that recognized the

Fundamental Theorem of Calculus answered this question well. In general the scores were either very low or full marks.

The function f is defined by f(x) = e"sinz, = € R.

The Maclaurin series is to be used to find an approximate value for f(0.5).

a. By finding a suitable number of derivatives of f, determine the Maclaurin series for f(m) as far as the term in z°. [7]
T o3 e m2
b. Hence, or otherwise, determine the exact value of liII(l] esmz% [3]
T—
c. (i) Use the Lagrange form of the error term to find an upper bound for the absolute value of the error in this approximation. [7]

(i) Deduce from the Lagrange error term whether the approximation will be greater than or less than the actual value of f(0.5).

Markscheme

a. attempt to use product rule  (M1)



f'(z) =e"sinz + e cosz A1
f"(xz) =2e"cosz At

f"(z) = 2e" cosx — 2e"sinx A1
f(0)=0, f(0)=1

f10) =2, f"(0) =2 (m1)

emsin:c::c—i—aﬂ—i—%s—l—... (M1)A1

[7 marks]
b. METHOD 1
e” sin z—xz—z? E+I2+é+- L—z—a?
) = o M1A1

%%asaz%O A1

METHOD 2

. e*sinz—z—x? . eTsinz+e®cosz—1-2z
].lm —_— = llm A1l

z—0 z3 z—0 3a?

— lim 2e” cosx—2 A1

z—0 b

— lim 2e” cosz;?ez sin x _ é A1
z—0

[3 marks]

c. (i) attempt to find 4™ Gerivative from the 3*¢ derivative obtained in (@ M1

f"(z) = —4e*sinz A1

f(rH»l)(c)er»l

Lagrange error term = ———

(where c lies between 0 and x)

4e¢sin ¢x 0.5
T (M1)

the maximum absolute value of this expression occurs when ¢ = 0.5 (A1)

Note: This A1 is independent of previous M marks.

therefore

5 o 4
upper bound = 4e0 sm4(z.5><0.5 (M1)
= 0.00823 A1

(i) the approximation is greater than the actual value because the Lagrange error term is negative  R1

[7 marks]

Examiners report

a. This part of the question was well answered by most candidates. In a few cases candidates failed to follow instructions and attempted to use
known series; in a few cases mistakes in the determination of the derivatives prevented other candidates from achieving full marks; part (b) was
also well answered using both the Maclaurin expansion or L'Hopital rule; again in most cases that candidates failed to achieve full marks were due

to mistakes in the determination of derivatives.



b. Part (a) of the question was well answered by most candidates. In a few cases candidates failed to follow instructions and attempted to use known
series; in a few cases mistakes in the determination of the derivatives prevented other candidates from achieving full marks; part (b) was also well
answered using both the Maclaurin expansion or L’'Hépital rule; again in most cases that candidates failed to achieve full marks were due to

mistakes in the determination of derivatives.

c. Part (c) was poorly answered with few candidates showing familiarity with this part of the option. Most candidates quoted the formula and
managed to find the 4™ derivative of f but then could not use it to obtain the required answer; in other cases candidates did obtain an answer but

showed little understanding of its meaning when answering (c)(ii).

o0
. o . D si
Consider the infinite series S = Y u,, where u,, = fn(;H ) Sltﬂdt.
n=0

a. Explain why the series is alternating. (1]

b. () Use the substitution T' = t — 7 in the expression for u,+1 to show that |up11| < |un|. [9]
(i)  Show that the series is convergent.

c. Show that S < 1.65. [4]

Markscheme

a. as t moves through the intervals [0, 7], [m, 2], [2, 37|, [37, 4], etc, the sign of sin ¢, (and therefore the sign of the integral) alternates
+, —, +, —, efc, so that the series is alternating R1

Note: Award R1 only if it includes a clear reason that justifies that the sign of the integrand alternates between — and + and this pattern is valid
for all the terms.

sinz

— that shows the intervals [0, =], [m, 27, [27, 37, ...

The change of signs can be justified by a labelled graph of y = sin(:c) ory =

[1 mark]

b. () unir = [T S dt

(M1)
putT =t — —manddT =dt (M1)

the limits change to n, (n+ 1)w

in (7T
[uni1| = fn(:H)ﬂ WdT (or equivalent) A7

|sin(T" + )| = |sin(T)]| or sin(T + 7) = —sin(T")  (M1)

(n+1)7 [sin | dT
nm T+m

(n+1)m |sinT|
fmr T

dT = |un| A1AG

i) Jua = [T St g

nm t
1
< JUT g mg

= ) A1



n

zln(ﬂ) A1
—Inl=0asn — oo

from part (i) |u,| is a decreasing sequence and since 1i_>m |lu,| =0, R1
n—oo

the series is convergent AG

[9 marks]
n—1 nr
C- attempt to calculate the partial sums > u; = [; s'ltitdt (M1)
i=0

the first partial sums are

" n-1

ZH‘-

i=0
1 1.85 (or 1.8519__)
2 142 (or 1 4181_)
3 1.67 (or 1.6747_.)
4 1.49 (or 1.4921...)
5 1.63 (or 1.6339__)

two consecutive partial sums forn > 4  A1A1

(eg S4 = 1.49 and S5 = 1.63 or S100 = 1.567...and S191 = 1.573...)
Note: These answers must be given to a minimum of 3 significant figures.
the sum to infinity lies between any two consecutive partial sums,

eg between 1.49 and 1.63 R1

sothat § < 1.65 AG

Note: Award AT1A1R1 to candidates who calculate at least two partial sums for only odd values of . and state that the upper bound is less than
these values.

[4 marks]

Examiners report

a. Very few candidates presented a valid reason to justify the alternating nature of the series. In most cases candidates just reformulated the wording
of the question by saying that it changed signs and completely ignored the interval over which the expression had to be integrated to obtain each

term.

b. (i) Most candidates achieved 1 or 2 marks for attempting the given substitution; in most cases candidates failed to find the correct limits of
integration for the new variable and then relate the expressions of the consecutive terms of the series. In part (ii) very few correct attempts were
seen; in some cases candidates did recognize the conditions for the alternating series to be convergent but very few got close to establish that the

limit of the general term was zero.

c. A few good attempts to use partial sums were seen although once again candidates showed difficulties in identifying what was needed to show the
given answer. In most cases candidates just verified with GDC that in fact for high values of n the series was indeed less than the upper bound

given but could not provide a valid argument that justified the given statement.



d d
The curves y = f(z) and y = g(z) both pass through the point (1, 0) and are defined by the differential equations d—i’ =z —y?and d—z =y— 2z’

respectively.

a. Show that the tangent to the curve y = f(z) at the point (1, 0) is normal to the curve y = g(z) at the point (1, 0). 2]
b. Find g(z). [6]
c. Use Euler’s method with steps of 0.2 to estimate f(2) to 5 decimal places. [5]
d. Explain why y = f(z) cannot cross the isocline z — y2 = 0, for z > 1. [3]
e. () Sketch theisoclines z — y?> = —2, 0, 1. (4]

(i)  On the same set of axes, sketch the graph of f.

Markscheme

a. gradient of f at (1, 0) is 1 — 0% = 1 and the gradient of g at (1, 0)is 0 — 1> = -1 A1

so gradient of normalis 1 A1
= Gradient of the tangent of f at (1, 0) AG
[2 marks]

dy 2
b. T = —T

integrating factor is e/ ~147 = e=® M7
ye © = [—z%e"dz A1

=2% % — [2ze "dz M1

= 2% 7 +2ze " — [2e %dz
=% +2ze " +2e " +c Al

Note: Condone missing +c at this stage.

= g(z) = 2% + 22 + 2 + ce®

g)=0=c=—-2 M1

e

=g(z) =2 +2x+2 -5 A1

[6 marks]

c. use of Yynt1 = Yn + Af'(Tn, yn) (M1)

zo=1y9=0

z1 =12, y1 =02 A1

x2 =14, yo =0.432 (M1)(A1)
z3 = 1.6, y3 = 0.67467...

4 = 1.8, y4 = 0.90363...

5 = 2, y5 = 1.1003255. ..
answer = 1.10033 A1 N3



Note: Award A0 or N1 if 1.10 given as answer.

[5 marks]
d. at the point (1, 0), the gradient of f is positive so the graph of f passes into the first quadrant for x > 1

in the first quadrant below the curve x — y2 = ( the gradient of f is positive R1
the curve = — y2 = 0 has positive gradient in the first quadrant R1
if £ were to reach z — y% = 0 it would have gradient of zero, and therefore would not cross ~ R1

[3 marks]

e. (i) and (i)

A4

HL

A4

Note: Award A1 for 3 correct isoclines.
Award A1 for f not reaching z — 3> = 0.
Award A1 for turning point of f on & — y2 =0.

Award A1 for negative gradient to the left of the turning point.

Note: Award A1 for correct shape and position if curve drawn without any isoclines.
[4 marks]

Total [20 marks]

Examiners report

IN/A]
" IN/A]
" IN/A]
" IN/A]
INA]

a

® O O T

o0
Use the integral test to determine whether the infinite series E L_is convergent or divergent.

n—o nVinn




Markscheme

N
consider I = [ 4z m1A1

5 zVlnz

Note: Do not award A1 if n is used as the variable or if lower limit equal to 1, but some subsequent A marks can still be awarded. Allow co as upper
limit.

lety=Inz (M1)

dy=%, (A1)

T )
[2, N] = [In2, InN]

In N

= [ X
= lnf2 vy an

Note: Condone absence of limits, or wrong limits.

InN

= [2\/3_/] me AT

Note: A7 is for the correct integral, irrespective of the limits used. Accept correct use of integration by parts.
=2VInN —2vVIn2 (M1)

Note: M1 is for substituting their limits into their integral and subtracting.

—ooasN — o0 At

Notes: Allow “= 00”, “limit does not exist”, “diverges” or equivalent.

Do not award if wrong limits substituted into the integral but allow IN or oo as an upper limit in place of In V.
(by the integral test) the series is divergent (because the integral is divergent) A1
Notes: Do not award this mark if co used as upper limit throughout.

[9 marks]

Examiners report

[N/A]

oo

LetS =" 3

= n2+2



a. Use the limit comparison test to show that the series Z is convergent.

b. Find the interval of convergence for S.

Markscheme

1

. 242 . 2 . 2
a lim —— = lim 2"—:(11m (172—>> M1
n—oo — n—oo N*+2 n—00 n?+2

=1 A1

since Z 5 converges (a p-series withp = 2) RT1

by limit comparison test, Z also converges AG

Notes: The R1 is independent of the A1.

[3 marks]

3 n+1

2
% n +2n
oo| (n+1)’+2 ~ (2-3)

n2
=|z—3| <as limizl) A1

n—o0o (n+1)2+2

b. applying the ratio test hm

’ M1A1

converges if [z — 3| < 1 (convergesfor2 < z < 4) M1

considering endpoints x = 2andx =4 M1

when x = 4, series is Z convergent from (a) A1

22’

(&

= Al

when z = 2, series is Z

EITHER

(o] (o] n
1
Z 5 is convergent therefore Z

) is (absolutely) convergent R1

OR

1 . . :
+2 gm e = 0 so series converges by the alternating series test R1

THEN

interval of convergenceis2 <z <4 A1

Note: The final A1 is dependent on previous ATs — ie, considering correct series when x = 2 and = = 4 and on the final R1.

[9 marks]

Examiners report

IN/A]

(3]

(9]



n, INVA]

The mean value theorem states that if f is a continuous function on [a, b] and differentiable on |a, b[ then f'(c) = —;

The function g, defined by g(z) = & cos(+/), satisfies the conditions of the mean value theorem on the interval [0, 5].

a. Fora = 0 and b = 5, use the mean value theorem to find all possible values of ¢ for the function g.

b. Sketch the graph of y = g(x) on the interval [0, 57 and hence illustrate the mean value theorem for the function g.

Markscheme

5m)—g(0
Kl 5;73( ) —0.6809. .. (: cos v57r) (gradient of chord) (A1)

g (z) = cos(vz) — M (or equivalent)  (M1)(A1)

Note: Award M1 to candidates who attempt to use the product and chain rules.

attempting to solve cos(1/c) — w = —0.6809...forc (M1)

Notes: Award M1 to candidates who attempt to solve their g’(c) = gradient of chord.

Do not award M1 to candidates who just attempt to rearrange their equation.
c=2.26, 11.1 A1A1
Note: Condone candidates working in terms of x.

[6 marks]

f(b)—f(a)

for some ¢ €]a, b|.

(6]

[4]



-5

=10

c=1L1

correct graph: 2 turning points close to the endpoints, endpoints indicated and correct endpoint behaviour

Notes: Endpoint coordinates are not required. Candidates do not need to indicate axes scales.

correct chord A1

tangents drawn at their values of ¢ which are approximately parallel to the chord A1A1

Notes: Award ATAOA1AO to candidates who draw a correct graph, do not draw a chord but draw 2 tangents at their values of ¢. Condone the
absence of their c— values stated on their sketch. However do not award marks for tangents if no c— values were found in (a).

[4 marks]

Examiners report

~IN/A]
b. [N/A]

(n—1)z"
n2x2"

oo
Consider the infinite series >
n=1

a. Find the radius of convergence.

b. Find the interval of convergence.

Markscheme

Up+1 nz"+1

n22"

a. using the ratio test, =

X
Up, (n+1)22n+1

(n—1)z™

Ml

[4]

(9]



— n® z
T (1) (n-1) xg Al

lim %l — 2z 41
n—oo Un 2

the radius of convergence R satisfies
L —1s0R=2 41

[4 marks]
b. considering x =2 for which the series is
= (n-1)
P

n=1

using the limit comparison test with the harmonic series M1
oo
S L, which diverges
n

n=1
consider

. . n—1
lim & = lim =—— =1 A1
n—oo - n—oo M

the series is therefore divergent forx=2 A1

when x = -2 , the series is

>, (n—1) n
> 0 x (-1

this is an alternating series in which the n'® term tends to 0 asn — oo~ A1
consider f(z) = zz—;l M1

@)= al

this is negative for z > 2 so the sequence {|un|} is eventually decreasing RI
the series therefore converges when x = -2 by the alternating series test RI

the interval of convergence is therefore [-2, 2] A1

[9 marks]

Examiners report

a [NVVA]
b, IN/A]
2
Consider the differential equation S—Z = ﬁ—x, where x >—1and y=1whenx=0.

a. Use Euler’s method, with a step length of 0.1, to find an approximate value of y when x = 0.5.

b. (i) Show that Ly — 2’4
. Ow thal o m
(i) Hence find the Maclaurin series for y, up to and including the term in z2.
c. (i) Solve the differential equation.

(i)  Find the value of a for which y — co as z — a.

Markscheme

[7]

(8]

(6]



a. attempt the first step of
Yn+1 = Yn + (0.1) f(zp, yn) withyo =1, 2o =0 (MI)
y=11 Al
v = L1+ (0.1)3L — 121 (MDAl
ys = 1.332(0) (A1)
ys = 1.4685  (AI)

ys = 1.62 Al
[7 marks]
b. (i) recognition of both quotient rule and implicit differentiation M1
dy 2
2 1+z)2y——y2x1
4y WPy v 141
z (14x)

Note: Award A1 for first term in numerator, A1 for everything else correct.

2
_ (1+z)2y1y—+wfy2><1 MIAL

(142)
_ 2%y
=2 4G
.. dy 22 4%y
(i) attempttousey =y(0) + 24 (0) + 57z (0)+... (MI)
:1+x+§ AIAl

2

Note: Award A1 for correct evaluation of y(0), % (0), % (0), A1 for correct series.

[8 marks]
c. (i) separating the variables [ y—lzdy =[ 1+Lﬂgda}: M1

obtain —5 = In(1+2) + (c) Al
impose initial condition —1 =Inl+¢ Ml

(i) y—ooifln(l+z) —>1,s0a=e—-1 (MDAl
Note: To award A1 must see eitherz — e —lora=e—1.Donotacceptx=e— 1.

[6 marks]

Examiners report

a. Most candidates had a good knowledge of Euler’s method and were confident in applying it to the differential equation in part (a). A few
candidates who knew the Euler’s method completed one iteration too many to arrive at an incorrect answer but this was rare. Nearly all
candidates who applied the correct technique in part (a) correctly calculated the answer. Most candidates were able to attempt part (b) but some
lost marks due to a lack of rigour by not clearly showing the implicit differentiation in the first line of working. Part (c) was reasonably well
attempted by many candidates and many could solve the integrals although some did not find the arbitrary constant meaning that it was not
possible to solve (ii) of the part (c).

b. Most candidates had a good knowledge of Euler’s method and were confident in applying it to the differential equation in part (a). A few
candidates who knew the Euler’s method completed one iteration too many to arrive at an incorrect answer but this was rare. Nearly all
candidates who applied the correct technique in part (a) correctly calculated the answer. Most candidates were able to attempt part (b) but some
lost marks due to a lack of rigour by not clearly showing the implicit differentiation in the first line of working. Part (c) was reasonably well
attempted by many candidates and many could solve the integrals although some did not find the arbitrary constant meaning that it was not

possible to solve (ii) of the part (¢).



¢. Most candidates had a good knowledge of Euler’s method and were confident in applying it to the differential equation in part (a). A few
candidates who knew the Euler’s method completed one iteration too many to arrive at an incorrect answer but this was rare. Nearly all
candidates who applied the correct technique in part (a) correctly calculated the answer. Most candidates were able to attempt part (b) but some
lost marks due to a lack of rigour by not clearly showing the implicit differentiation in the first line of working. Part (c) was reasonably well
attempted by many candidates and many could solve the integrals although some did not find the arbitrary constant meaning that it was not

possible to solve (ii) of the part (c).

(a)  Show that the solution of the differential equation

Yy 2
— = cos zCcos’y,
x

given thaty = 7 when z = 7, is y = arctan(1 + sin ).

(b) Determine the value of the constant a for which the following limit exists

arctan(l +sinz) — a

™
T 33712
2

and evaluate that limit.

Markscheme

(a) this separable equation has general solution

[sec’ydy = [coszdz (MI)(A1)
tany =sinz +c¢ Al

the condition gives

tan T =sinm+c=c=1 MI
the solutionis tany = 1 +sinax A1
y=arctan(l +sinz) AG

[5 marks]

(b) the limit cannot exist unless a = arctan(l + sin %) =arctan2 RIAI

in that case the limit can be evaluated using I’Hopital’s rule (twice) limit is

lig LeenCsina) W g

ST )
where y is the solution of the differential equation
the numerator has zero limit (from the factor cos z in the differential equation) RI

so required limit is



lim £ MIAI
T3

finally,

"

y" = —sinzcos’y — 2coszcosysiny x y'(z) MIAI

since cosy (%) = % Al

1
y'=—satz=73

T Al

the required limit is — 1—10 Al
[12 marks]

Total [17 marks]

Examiners report

Many candidates successfully obtained the displayed solution of the differential equation in part(a). Few complete solutions to part(b) were seen

which used the result in part(a). The problem can, however, be solved by direct differentiation although this is algebraically more complicated.

Some successful solutions using this method were seen.

a. Find the radius of convergence of the infinite series

1 +1><3 s IX3XxH 4 1x3IxdbxT 4
2 T x5 Tax5x8" T axbx8xIl”

[o.¢]
b. Determine whether the series } sin (% + mr) is convergent or divergent.
n=1

Markscheme

a. the nth term is

1><3><5...(2n71; " MIAI

Un = 335x8.. (Bn-1

(using the ratio test to test for absolute convergence)
luni1|  (2n41)

Tl = ey (ol MIAT
im ol = 2 g
n—0o0  |up| 3

let R denote the radius of convergence

then%:lsor:g MIAI

Note: Do not penalise the absence of absolute value signs.

[7 marks]

b. using the compound angle formula or a graphical method the series can be written in the form  (M1)

(o]

n

upn, where u, = (—1)" sin( ! ) A2

n=1

(7]

(8]



since % < 7 i.e anangle in the first quadrant, RI
it is an alternating series R1

u, ~>0asn —>o00 RI

and [up 1| <fun| RI

it follows that the series is convergent R/

[8 marks]

Examiners report

a. Solutions to this question were generally disappointing. In (a), many candidates were unable even to find an expression for the nth term so that

they could not apply the ratio test.

b. Solutions to this question were generally disappointing. In (b), few candidates were able to rewrite the nth term in the form > (—1)" sin(%)

so that most candidates failed to realise that the series was alternating.

T T —T

*'267 and g(z) = <

Consider the functions f and g given by f(z) = ¢

Q

. Show that f'(z) = g(z) and ¢'(z) = f(=).

b. Find the first three non-zero terms in the Maclaurin expansion of f(x).

¢. Hence find the value of lim lifz( 2y
z—0
d. Find the value of the improper integral fooo []?((z))]z dz.
T

Markscheme

a. any correct step before the given answer AIAG

T ’+ —z\/ T
eg, f'(w) = T = S5 = g(o)
any correct step before the given answer AIAG

eg, g’(:c) _ (e”) —2(871) _ ez-';e’z _ f(:l?)

[2 marks]
b. METHOD 1

statement and attempted use of the general Maclaurin expansion formula
f(0) =1; g(0) = 0 (or equivalent in terms of derivative values) AI1A41

f@=1+Z + Zorf(@)=1+2 +2 AlAl

METHOD 2

e =l+z+L +L +I 4 . Al

et=l-z+ T 42 Al

adding and dividing by 2 M1

f@=1+Z ¢ Zorf(z)=1+2 +2  AlAl
ZZ

. z2 22 22
Notes: Accept 1, = and spor 1, o and T

Award A1 if two correct terms are seen.

(MI)

2]

(5]

(3]

(6]



[5 marks]
¢c. METHOD 1

attempted use of the Maclaurin expansion from (b) M1
22 gd
- () i 1—(1+7+ﬁ+...)
m ———
z—0 z
. 1 .
=—1 A1

METHOD 2

attempted use of L’Hopital and result from (a) M1
lim =@ —9(2)

im —5— = lim
=0 =« z=0 2z

—f(x)
5 Al

lim
z—0
=—1 Al
[3 marks]

d. METHOD 1

use of the substitution u = f(z) and (du = g(z)dz) (MI1)(A1)

attempt to integrate [, % (M1)

. 1] T
obtain {— E] L or [—m} . Al
recognition of an improper integral by use of a limit or statement saying the integral converges RI1
obtain1l A1 NO

METHOD 2
o — - _poo 2(e"—e)
fO (eHE*T)Z dz = 0 (e7+e®)? dz  (MD)

use of the substitution u = €” + e~ and (du = e — e *dz) (M)

attempt to integrate [, 2;1—2“ M1)

obtain [— %Eo Al

recognition of an improper integral by use of a limit or statement saying the integral converges R1

obtainl A1 NO
[6 marks]

Examiners report

o INA
b, IN/A]
.. INA
q. VA

A differential equation is given by % = % , where x >0 and y > 0.

[V

. Solve this differential equation by separating the variables, giving your answer in the form y =f(x) .
b. Solve the same differential equation by using the standard homogeneous substitution y = vx .
c. Solve the same differential equation by the use of an integrating factor.

d. Ify=20 whenx=2, findy whenx=5.

(3]
(4]
(5]

(1]



Markscheme

a g=L=[lay=[Ldz M
=>lny=lhz+c Al
=>hy=hz+hnhk=Inkz
=>y=kx Al
[3 marks]

dv

b.y—ve=> L —v+al (Ul
sov—f—:c%:v M1
228 =0=2=0 (asz#0) RI

dz
=v=k
y
=>-=k (5y=kz) Al
[4 marks]

c. %—l—(%)yzo M1)

IF—ef 74 — ez — L prpqq

z’l% —z 2y =
/)

sz ly=k (=y=kz) Al
[5 marks]

d.20=2k=k=10s0y(5) =10 x5 =50 AI

[1 mark]

Examiners report

a. This question allowed candidates to demonstrate a range of skills in solving differential equations. Generally this was well done with
candidates making mistakes in algebra rather than the techniques themselves. For example a common error in part (a) was to go from
Iny=Ihz+ctoy=z+c¢

b. This question allowed candidates to demonstrate a range of skills in solving differential equations. Generally this was well done with
candidates making mistakes in algebra rather than the techniques themselves. For example a common error in part (a) was to go from
Iny=Inhz+ctoy=xz+c

c. This question allowed candidates to demonstrate a range of skills in solving differential equations. Generally this was well done with
candidates making mistakes in algebra rather than the techniques themselves. For example a common error in part (a) was to go from
Iny=lnx+ctoy=z+c

d. This question allowed candidates to demonstrate a range of skills in solving differential equations. Generally this was well done with
candidates making mistakes in algebra rather than the techniques themselves. For example a common error in part (a) was to go from

Iny=lnx+ctoy=z+c

The function f is defined by

lz—2|+1 z<2
ro={""
arx®+br x>2



where a and b are real constants

Given that both f and its derivative are continuous at z = 2, find the value of a and the value of b.

Markscheme

considering continuity at = 2

lim f(z)=1and lim f(z)=4a+2b (M1)

2" z—2
4a+2b=1 A1

considering differentiability at x = 2

, . -1 Tz <2
f (w)_{Zax+b > 2 (M1)

lim f'(z) = —land lim f'(z) =4a+b (M1)
z—2"

2"

Note: The above M1 is for attempting to find the left and right limit of their derived piecewise function at = 2.
da+b=-1 A1

az—% andb=2 A1

[6 marks]

Examiners report

IN/A]

f(b)—f(a)
b—a

a. The mean value theorem states that if f is a continuous function on [a, b] and differentiable on ]a, b| then f'(c) = for some
¢ €la, bl.

()  Find the two possible values of ¢ for the function defined by f(z) = z* + 3z% — 2 on the interval [-3, 1].

(i)  Nlustrate this result graphically.

b. () The function f is continuous on [a, b], differentiable on |a, b[ and f'(z) = 0 for all z €]a, b[. Show that f(z) is constant on [a, b].

(i) Hence, prove that for = € [0, 1], 2arccos z + arccos(1 — 2z?) = .

Markscheme
a. () f'(zr)=3z%+6x A1

gradientofchord =1 A1
3c2+6c=1

c= 225 (= _215,0.155) A1A1

Note: Accept any answers that round to the correct 2sf answers (—2.2, 0.15).

[7]

(9]
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—4
award AT for correct shape and clear indication of correct domain, A1 for chord (from & = —3 to £ = 1) and A1 for two tangents drawn at their

values of c A1A1A1
[7 marks]

. () METHOD 1

(if a theorem is true for the interval [a, b], it is also true for any interval [z1, 2] which belongs to [a, b])
suppose z1, x2 € [a, b] M1
f(@2)—f(21)

T2—T1

by the M VT, there exists ¢ such that f'(c) = =0 MI1A1

hence f(z1) = f(z2) R1

as 1, T, are arbitrarily chosen, f(z) is constant on [a, b]

Note: If the above is expressed in terms of a and b award MOM1AORO.

METHOD 2
(if a theorem is true for the interval [a, b], it is also true for any interval [z, 5] which belongs to [a, b])
suppose z € [a, b] M1

f(z)—f(a)

r—a

by the M VT, there exists ¢ such that f'(c) = =0 M1A1
hence f(z) = f(a) = constant R1

(i) attempt to differentiate (z) = 2 arccosz + arccos(1 — 2z?) M1

T A1A1
V= 1-(1-222)°
- _9 1 4z _ Al
Vi—a? T VazT—4z* 0

Note: Only award A1 for 0 if a correct attempt to simplify the denominator is also seen.

f)=f(0)=2x5+0=7 AIAG

Note: This A1 is not dependent on previous marks.

Note: Allow any value of z € [0, 1].

[9 marks]



Total [16 marks]

Examiners report

a. () This was well done by most candidates.

(i)  This was generally poorly done, with many candidates failing to draw the curve correctly as they did not appreciate the importance of the
given domain. Another common error was to draw the graph of the derivative rather than the function.

b. () This was very poorly done. A lot of the arguments seemed to be stating what was being required to be proved, eg ‘because the derivative is
equal to 0 the line is flat’. Most candidates did not realise the importance of testing a point inside the interval, so the most common solutions seen
involved the Mean Value Theorem applied to the end points. In addition there was some confusion between the Mean Value Theorem and Rolle’s
Theorem.

(i) It was pleasing that so many candidates spotted the link with the previous part of the question. The most common error after this point was to
differentiate incorrectly. Candidates should be aware this is a ‘prove’ question, and so it was not sufficient simply to state, for example, f(O) = .

Use I’'Hopital’s rule to determine the value of

sin’x

lim ——.
-0 zln(1 + )

Markscheme

attempt to use I'Hopital’s rule, M1

o . . 2sinz cosx sin 2z
limit = lim or A1A1
z—0 In(l+z)+H In(1+2)+ 5

Note: Award A7 for numerator A1 for denominator.

this gives 0/0 so use the rule again  (M1)

. 2cos’z—2sin’z 2cos 2z
= ilil(l) 1 l+z—x 24z A1A1
Tz 0 (14e)? (1+2)?

Note: Award A7 for numerator A1 for denominator.

=1 A1

Note: This A1 is dependent on all previous marks being awarded, except when the first application of L’'Hopital’s does not lead to 0/0, when it
should be awarded for the correct limit of their derived function.

[7 marks]



Examiners report

IN/A]

Solve the differential equation

(z — 1)ﬂ +zy=(z—1)e*®
dz

given that y = 1 when x = 0. Give your answer in the form y = f(z).

Markscheme

writing the differential equation in standard form gives

dy €T AT
[az=[(1+ 1) de =z +In(z—1) Ml
hence integrating factor is e* 2>~V = (z — 1)e* MIAI

hence, (z — 1)e? L +ze?y =z — 1 (A1)

d[(z—1)e"y]
dx

= (z—1)e"y= [(z—1)dz Al

—z—-1 (AD

ﬁ(m—l)ezyz%z—w—i—c Al
substituting (0, 1), c=—1  (MDAI

= (z—1)efy = 22 ()

2’ —2z-2
2(z—1)e”

hence, y = (or equivalent) A1

[13 marks]

Examiners report

Apart from some candidates who thought the differential equation was homogenous, the others were usually able to make a good start, and found

it quite straightforward. Some made errors after identifying the correct integrating factor, and so lost accuracy marks.

a. Prove by induction that n! > 3", forn > 7, n € Z. [5]

(o]
b. Hence use the comparison test to prove that the series » | % converges. [6]
r=1

Markscheme

a. ifn="Tthen7! > 3" A1



sotrueforn =7
assumetrueforn =k M1
so k! > 3%

considern =k+1
(k+1D)!'=(k+1K M1
> (k+1)3F

>33k (ask>6) Af1

— 3k+1

hence if true for n = k then also true forn = k + 1. As true forn = 7, so true forallm > 7.

Note: Do not award the R1 if the two M marks have not been awarded.

[5 marks]

o0

b. consider the series > a,, where a, = 3—, R1
r=T7 .

Note: Award the R1 for startingatr = 7

oo

compare to the series > b, where b, = 3— M1
r=7

o0

Z b, is an infinite Geometric Series with 7 = % and hence converges A1
r=T

Note: Award the A7 even if series starts at r = 1.

asr! > 3"so (0 <)a, < b, forall? >7 M1R1

o] [o¢]

as b, converges and a, < b, so Y a, must converge
r=T7 r=T7

Note: Award the AT even if series starts at r = 1.

6 [}
as Y a, isfinite, so > a, must converge R1
r=1 r=1

Note: If the limit comparison test is used award marks to a maximum of R1TM1A1MOAOR1.
[6 marks]

Total [11 marks]

Examiners report

IN/A]
b, [N/A]

R1



d
Consider the differential equation % + Z%Hy =z wherey = 1 whenz = 0.

a. Show that v/z2 4 1 is an integrating factor for this differential equation.

b. Solve the differential equation giving your answer in the form y = f(z).

Markscheme

a. METHOD 1
. . [ 5—dz
integrating factor = e’ «*+1 (M1)

[ F5de = gin(a? +1)  M1)
Note: Award M1 for use of u = z2 + 1 for example or [ %dm =In f(x).

1 5
integrating factor = ez(@ ) Aq

. eln(\/xz_ﬂ>

A1

Note: Award A7 for e V¥ where v = z2 + 1.

=+vz2+1 AG

METHOD 2

I e e | WL S s SR I

dz(y T —|—1> o Ve —&-l—l—my M1A1
d e

\/z2+1(d—z+z2+ly) M1A1

Note: Award M1 for attempting to express in the form /22 + 1 x (LHS of de).

sovz? +lisan integrating factor for this differential equation AG

[4 marks]
2 dy T _ P :
b. vz + 1@ + Z—Hy = x+v/x* + 1 (or equivalent) (M1)

%(y\/mhrl) =zva?+1
2 — 2 —_1 2
yva2 + 1= [zvz2 + 1dz (y— = Jzvz +1dm> A1

= +(a* + )T +C  (M1)A1

Note: Award M1 for using an appropriate substitution.

[4]

(6]



Note: Condone the absence of C.
substitutingz =0, y=1=C = % M1

Note: Award M1 for attempting to find their value of C.

0 2
y= (e +1)+ = (“1)”2) A1

2
3va2+1 (y— 3Vzr+1

[6 marks]

Examiners report

IN/A]
b, IN/A]
a. Show thatn! > 2" forn > 1. [2]
o0
b. Hence use the comparison test to determine whether the series > % converges or diverges. [3]
n=1""

Markscheme

a. forn>1,nl=nn—-1)(n—-2)...3x2x1>2x2x2...2x2x1=2""1 MIAl

=nl>2"forn>1 AG

[2 marks]
b.nl>2"" =~ < 2,},1 forn>1 Al
1
> T is a positive converging geometric series R1

1

T

(o @]
hence % converges by the comparison test RI
n=1""

[3 marks]

Examiners report

a. Part (a) of this question was found challenging by the majority of candidates, a fairly common ‘solution’ being that the result is true for n =1,
2, 3 and therefore true for all n. Some candidates attempted to use induction which is a valid method but no completely correct solution using
this method was seen. Candidates found part (b) more accessible and many correct solutions were seen. The most common problem was

. . . . .. . . . 1 1
candidates using an incorrect comparison test, failing to realise that what was required was a comparison between »_ — and >~ 7T



b. Part (a) of this question was found challenging by the majority of candidates, a fairly common ‘solution’ being that the result is true for n =1,
2, 3 and therefore true for all n. Some candidates attempted to use induction which is a valid method but no completely correct solution using
this method was seen. Candidates found part (b) more accessible and many correct solutions were seen. The most common problem was

. . . . . . . . 1 1
candidates using an incorrect comparison test, failing to realise that what was required was a comparison between » — and D =

[o¢]
. 1
a. Show that the series nZ::2 —- converges. [3]
b. () Show thatIn(n) + ln<1 + %) =In(n+1). 6]
1
(i)  Using this result, show that an application of the ratio test fails to determine whether or not Z — converges.
n=2
= 1
C. () State why the integral test can be used to determine the convergence or divergence of Z — 8]

n=

1
nlnn”

o0
(i)  Hence determine the convergence or divergence of >
n=2

Markscheme

a. METHOD 1

(0 <)#n(n) < %, (forn>3) At

8

1
—7 converges A1l

n=2

o]

o0
by the comparison test ( > % converges implies) Y
n=2

. () converges R1

Note: Mention of using the comparison test may have come earlier.

Only award R1 if previous 2 A1s have been awarded.

METHOD 2

.
lim (2% ) = lim — =0 A1
n—00 = n—oo Inn

n

oo
1

> = converges A1
n

n=2

by the limit comparison test (if the limit is 0 and the series represented by the denominator converges, then so does the series represented by the
o.¢]

numerator, hence) Z converges R1
n=2

!
n?ln(n)

Note: Mention of using the limit comparison test may come earlier.
Do not award the R1 if incorrect justifications are given, for example the series “converge or diverge together”.
Only award R1 if previous 2 A1s have been awarded.

[3 marks]



b. () EITHER

In(n) + ln(l + %) = ln(n <1 + %)) Al
OR

n(n) +1n(1+ L) = In(n) + In( %)

=In(n) +In(n+ 1) —In(n) A1

THEN
=In(n+1) AG
1
(i)  attempt to use the ratio test Lﬂ M1

(n+1) In(n+1)

n
n—Hﬁlasn%oo (A1)

In(n) In(n)

= M1
In(n+1) 1n(n)+1n<1+%>

—1 (asn—o0) (A1)

n In(n)
(n+1) In(n+1)

— 1 (asm — 00) hence ratio test is inconclusive  R1

Note: A link with the limit equalling 1 and the result being inconclusive needs to be given for R1.

[6 marks]

c. () consider f(z) = (forz >1) A1

zlnz
f(z) is continuous and positive A1

and is (monotonically) decreasing A1

Note: If a candidate uses n rather than x, award as follows

L s positive and decreasing A1A1
nlnn

nlon

(i) consider sz ﬁdm m1
= [In(lnz))¥  m1Aa1
—oasR—o00 R1

hence series diverges A1

Note: Condone the use of co in place of R.

is continuous for n € R, n > 1 A1 (only award this mark if the domain has been explicitly changed).

Note: If the lower limit is not equal to 2, but the expression is integrated correctly award MOM1A1ROAO.

[8 marks]

Total [17 marks]

Examiners report



a. In this part the required test was not given in the question. This led to some students attempting inappropriate methods. When using the
comparison or limit comparision test many candidates wrote the incorrect statement % converges, (p-series) rather than the correct one with Z .

This perhaps indicates a lack of understanding of the concepts involved.

b. There were many good, well argued answers to this part. Most candidates recognised the importance of the result in part (i) to find the limit in part

(i)). Generally a standard result such as lim (L> = 1 can simply be quoted, but other limits such as lim (m_n) = 1 need to be carefully
n=so0 \ 1 n=—oo \ In(n+1)

justified.

c. () Candidates need to be aware of the necessary conditions for all the series tests.

(i)  The integration was well done by the candidates. Most also made the correct link between the integral being undefined and the series
diverging. In this question it was not necessary to initially take a finite upper limit and the use of co was acceptable. This was due to the command
term being ‘determine’. In g4b a finite upper limit was required, as the command term was ‘show’. To ensure full marks are always awarded
candidates should err on the side of caution and always use limit notation when working out indefinite integrals.

The Taylor series of 1/ about x = 1 is given by

ao+ai(z—1)+as(z—1)> +az(z—1)°+...

a. Find the values of ag, a1, a2 and as. [6]

b. Hence, or otherwise, find the value of lim \/5:11 ) [3]
z—1 T

Markscheme

a let f(z) = V&, f(1) =1 (4D
flle)=1a3, p(1)=1 (@
fl(@) = a2, )= -1 @n
@) =227, (1) =3 (an

1 3 1

1
a = 7w B=35 3 M1)

| =

1 1
G,():l,ali—a2:*§,a3iﬁ Al

Note: Accepty =1+ 3 (z — 1) — 3(z — 1)+ —=(z — 1) + ...

[6 marks]
b. METHOD 1
1 2
lim Y20 = gy 2805 D Py
z—1 z-1 z—1 z—1



METHOD 2

using I’Hoépital’s rule, M1

1

fim T =y A
=5 Al

METHOD 3

% = ﬁ MIAIT
910% Va+l :% Al

[3 marks]

Examiners report

a. Many candidates achieved full marks on this question but there were still a large minority of candidates who did not seem familiar with the
application of Taylor series. Whilst all candidates who responded to this question were aware of the need to use derivatives many did not
correctly use factorials to find the required coefficients. It should be noted that the formula for Taylor series appears in the Information

Booklet.

b. Many candidates achieved full marks on this question but there were still a large minority of candidates who did not seem familiar with the
application of Taylor series. Whilst all candidates who responded to this question were aware of the need to use derivatives many did not
correctly use factorials to find the required coefficients. It should be noted that the formula for Taylor series appears in the Information

Booklet.

a. Use an integrating factor to show that the general solution for ?i—”t” — % = f%, t > 0is z = 2 + ct, where cis a constant. [4]

The weight in kilograms of a dog, ¢ weeks after being bought from a pet shop, can be modelled by the following function:
(t 24ct 0<t<5H
w(t) = .
16— t>5

b. Given that w(t) is continuous, find the value of c. 2]

c. Write down [2]

() the weight of the dog when bought from the pet shop;

(i) an upper bound for the weight of the dog.

d. Prove from first principles that w(¢) is differentiable at t = 5. [6]



Markscheme

1
a. integrating factor e/ 2% = ¢~ Int <: %) M1A1

T 2 2
7=/-zdt=F+c AIA1

Note: Award A1 for % and A1 for % +c.

r=2+ct AG
[4 marks]
b. given continuityat z = 5

Se+2=16—2 =c=1 MIA1

[2 marks]
c. (i) 2 A1

(i) anyvalue > 16 AT

Note: Accept values less than 16 if fully justified by reference to the maximum age for a dog.

[2 marks]
7 7
=(5+h)+2—=(5)—2
d lim (7" ") = I m1a1
h—0— h 5

35 35 —35
. 1655 —16+5 . 5+h +7
lim - = hm 7 M1
h—0+ h—0+

—35+35+Th
. ®+h) . 7 7
= lim & = lim (ﬂ) =< Mi1A1
h—0+ h—0+ \ 5%

both limits equal so differentiable att =5 R1AG

Note: The limits ¢ — 5 could also be used.

For each value of % obtained by standard differentiation award ~ A1.

To gain the other 4 marks a rigorous explanation must be given on how you can get from the left and right hand derivatives to the derivative.

Note: If the candidate works with ¢ and then substitutes ¢ = 5 at the end award as follows

I

First M1 for using formula with ¢ in the linear case, A7 for =

Award next 2 method marks even if ¢ = 5 not substituted, A1 for %

[6 marks]

Total [14 marks]

Examiners report

—Int

a. This was generally well done. Some candidates did not realize e could be simplified to %

b. This part was well done by the majority of candidates.



c. This part was well done by the majority of candidates.

d. Some candidates ignored the instruction to prove from first principles and instead used standard differentiation. Some candidates also only found

a derivative from one side.

e k
a. Consider the power series » k(%) .
k=1

(1) Find the radius of convergence.

(i)  Find the interval of convergence.

o0
b. Consider the infinite series 3 (—1)**" x 2k2k+1.
k=1

(1)  Show that the series is convergent.

(i)  Show that the sum to infinity of the series is less than 0.25.

Markscheme

(n—1)z"t
a. . . T"+1 gn+1
(i) consider T = VT M1
2’”
(n+1)|z|
_ )| Al
2n

||
— 5 asn — oo Al

the radius of convergence satisfies

E—lieRrR=2 al

(i) the series converges for —2 < z < 2, we need to consider z = £2  (RI)

when x =2, the seriesis 1 +2+3+... Al

this is divergent for any one of several reasons e.g. finding an expression for or a comparison test with the harmonic series or noting that
nlgrolo un # 0etc. RI

whenx =-2,theseriesis -1 +2—-3+4... Al

this is divergent for any one of several reasons

e.g. partial sums are

-1, 1, —2,2, -3, 3...ornoting that lim uy #0etc. RI

the interval of convergenceis —2 <z <2 Al

[10 marks]

b. (i) this alternating series is convergent because the moduli of successive terms are monotonic decreasing R1

and the n' term tends to zero asm — co  RI

(i)  consider the partial sums
0.333,0.111, 0.269, 0.148, 0.246 M1A1
since the sum to infinity lies between any pair of successive partial sums, it follows that the sum to infinity lies between 0.148 and 0.246 so

that it is less than 0.25 RI

[10]

(5]



Note: Accept a solution which looks only at 0.333, 0.269, 0.246 and states that these are successive upper bounds.

[5 marks]

Examiners report

a. Most candidates found the radius of convergence correctly but examining the situation when x = +2 often ended in loss of marks through
inadequate explanations. In (b)(i) many candidates were able to justify the convergence of the given series. In (b)(ii), however, many
candidates seemed unaware of the fact the sum to infinity lies between any pair of successive partial sums.

b. Most candidates found the radius of convergence correctly but examining the situation when £ = 42 often ended in loss of marks through
inadequate explanations. In (b)(i) many candidates were able to justify the convergence of the given series. In (b)(ii), however, many

candidates seemed unaware of the fact the sum to infinity lies between any pair of successive partial sums.

(a)  Show that the solution of the homogeneous differential equation

dy Yy
&% =z TLz>0,

giventhaty = O when z = e,isy = z(lnz — 1).
(b) (i) Determine the first three derivatives of the function f(z) = z(lnz — 1).

(ii)) Hence find the first three non-zero terms of the Taylor series for f{x) about x = 1.

Markscheme
(a) EITHER

use the substitution y = vx

Ve tv=v+1 MiAl

fav= [
by integration

v= % =lnz+c Al
OR

the equation can be rearranged as first order linear

Y _ly—1 M

4z =
the integrating factor / is

1
effzdz:eflnz:% Al

multiplying by 7 gives

d (1 1
w\z¥Y) = %

%y:lnw—i—c Al



THEN
the condition gives ¢ =—1
so the solutionis y = z(lnz — 1) AG

[5 marks|

® () fz)=lhz—1+1=lnz Al
f'(z) =+ Al

7

f"(2)=—% Al

T

(i)  the Taylor series about x = 1 starts

F@) ~ F1) + F(D) @ — 1)+ 1) E 4 ) e o

@-1° (@1’

5 3 AIAIAl

[7 marks]

Total: [12 marks]

Examiners report

Part(a) was well done by many candidates. In part(b)(i), however, it was disappointing to see so many candidates unable to differentiate
z(Inx — 1) correctly. Again, too many candidates were able to quote the general form of a Taylor series expansion, but not how to apply it to the

given function.

The function f is defined by f(z) = (arcsin z)?, —1 <z < 1.

The function f satisfies the equation (1 — z?) f” (z) — zf' (z) — 2 = 0.

a. Show that f' (0) = 0. 2]
b. By differentiating the above equation twice, show that [4]
(1—22) £® (2) — 52f® (2) — 4f" () = 0

where £ (z) and £ (z) denote the 3rd and 4th derivative of f (z) respectively.
¢. Hence show that the Maclaurin series for f (a:) up to and including the term in =4 is 2 + %ac‘*. [3]

d. Use this series approximation for f (x) with z = % to find an approximate value for 2. [2]



Markscheme

5 arcsi
a. f’(m):M M1A1

VI=z?

Note: Award M1 for an attempt at chain rule differentiation.
Award MOAO for f' (z) = 2arcsin (z).

f(0)=0 AG
[2 marks]
b. differentiating gives (1 — z?) f® (z) — 2z f" (z) — f' (z) —zf" (z) (=0) M1A1

differentiating again gives (1 — 2?) f@ (z) — 22f©® (z) — 3f" (z) — 3zf® (z) — f" (z) (=0) M1AT

Note: Award M1 for an attempt at product rule differentiation of at least one product in each of the above two lines.
Do not penalise candidates who use poor notation.

(1-2%) f@ () —5zf®) (z) —4f"(z) =0 AG
[4 marks]
c. attempting to find one of £ (0), £ (0) or (4 (0) by substituting = 0 into relevant differential equation(s)  (M1)

2 arcsin (z)

Note: Condone f” (0) found by calculating f—z (T
Vi=T

(f(0) =0, f'(0) =0)
f"(0) =2and f® (0) —4f" (0) =0= f@(0)=8 A1

)ataczo.

£®(0) =0andso 22 + %w‘* A1

Note: Only award the above A1, for correct first differentiation in part (b) leading to f(3) (0) = 0 stated or f(®) (0) = 0 seen from use of the
general Maclaurin series.
Special Case: Award (M1)A0AT1 if f ) (0) = 8 is stated without justification or found by working backwards from the general Maclaurin series.

so the Maclaurin series for f (z) up to and including the term in ztis 2 + %m‘l AG

[3 marks]

d. substituting z = 5 into z? + 32! M1
) o . 13
the series approximation gives a value of =

2 13
soT _48><36

~9.75 (z 379) Al
Note: Accept 9.76.

[2 marks]

Examiners report

o INA
b, IN/A]
/A
q. IVA]

A function f is defined in the interval |—k, k[, where k > 0. The gradient function f’ exists at each point of the domain of f.



The following diagram shows the graph of y = f(z), its asymptotes and its vertical symmetry axis.

Ly

(a) Sketch the graph of y = f'(x).

Let p(z) = a + bx + cz® + dz3 + .. . be the Maclaurin expansion of f(z).

(b) (i) Justify thata > 0.

(i)  Write down a condition for the largest set of possible values for each of the parameters b, ¢ and d.
(c) State, with a reason, an upper bound for the radius of convergence.

Markscheme
(a)

¥

Al for shape, A1 for passing through origin 4141

Note: Asymptotes not required.

[2 marks]
" ®
®  p(z) = £0) + f'(0)z + LLe? + L0ad 4
e el I
¢ d

(1) because the y-intercept of f is positive RI1
(i) b=0 A1
c=0 AlAl

Note: A1 for > and 41 for =.

d=0 Al

[5 marks]

(c) as the graph has vertical asymptotes z = +k, £ > 0, RI

the radius of convergence has an upper bound of k& A1



Note: Acceptr < k.
[2 marks]

Examiners report

Overall candidates made good attempts to parts (a) and most candidates realized that the graph contained the origin; however many candidates had
difficulty rendering the correct shape of the graph of f'. Part b(i) was also well answered although some candidates where not very clear and
digressed a lot. Part (ii) was less successful with most candidates scoring just part of the marks. A small number of candidates answered part (c)

correctly with a valid reason.

Consider the differential equation

(a) Find an integrating factor for this differential equation.

(b)  Solve the differential equation given that y = 1 when z = 1, giving your answer in the forms y = f(z) .

Markscheme

(a) Rewrite the equation in the form

T2y Mial
Integrating factor = el 3 pMp
— o2z 47

=1 41

22

Note: Accept z—lg as applied to the original equation.

[5 marks]

(b) Multiplying the equation,
1 dy 2 1 M1)

Zd  HYT Za
d 1
(%)== omay
b= [ Ml

ﬁ z2+1
=arctanz +C Al
Substitutez =1, y=1. MI

1=2+C=C=1-5 Al

y=2? (arctanx—l— 1- %) Al

[8 marks]
Total [13 marks]

Examiners report



The response to this question was often disappointing. Many candidates were unable to find the integrating factor successfully.

The real and imaginary parts of a complex number z + iy are related by the differential equation (z + y) j—z +(z—y)=0.

By solving the differential equation, given that y = /3 when x =1, show that the relationship between the modulus » and the argument 6 of the

™
complex number is r = 2e3 77,

Markscheme

(@ +y)g + (@ -y =0

dy Y-z
= dz ~— z+y

lety =ve Ml

dy dv
dv VT —T
v+ T = zree (AI)
dv _ v-1 _ v—1—v?—v _ —1-1?
T T o1 VT o T o Al

fvﬂdv:—f%dm Ml

1402

[pdv+ [ Zpdv=—[1de MI

1+0? T2
= %1n|1 +v?| +arctanv = —In|z| + k  A141

Notes: Award A1 for %lnll + v2|, A1 for the other two terms.

Do not penalize missing k or missing modulus signs at this stage.

2
= %ln‘l + % —l—arctan% =—Injz|+k MI
X

= %ln4+arctan\/§: —Inl+k MI)
= k=245 Al

1 2

+arctan £ = —Inz| +In2 + ¢

attempt to combine logarithms M1

y2+w2
2

-+ %ln|m2| =In2+ % — arctan%

1

= %ln’y2 + 2} =In2+ 3 - arctan £ (41)
N y2 T2 = eln2+%arctan% (Al)
= y2 + 332 — eln2 x egfarctan% Al

—r=23"% AG

[15 marks]

Examiners report



Most candidates realised that this was a homogeneous differential equation and that the substitution y = va was the way forward. Many of these
candidates reached as far as separating the variables correctly but integrating ;v% proved to be too difficult for many candidates — most failed to
realise that the expression had to be split into two separate integrals. Some candidates successfully evaluated the arbitrary constant but the

combination of logs and the subsequent algebra necessary to obtain the final result proved to be beyond the majority of candidates.

a. Consider the differential equation [3]

Use the substitution y = vz to show that the general solution of this differential equation is

/ div = In z+ Constant.
flv) —v

b. Hence, or otherwise, solve the differential equation [10]

dy «*+3zy+y’

dz x2 e >0,

given that y = 1 when z = 1. Give your answer in the form y = g(z).

Markscheme

d
a. yzvxé%zv—l—mg—z M1

the differential equation becomes

v+ wg—z = f(v) A1

fr =g ar

integrating, Constant f% = Inz+ Constant AG
[3 marks]

b. EITHER

flv)=1+3v+> (A1)
dv dv
<f flv)—v :) f It3vie2—v Inz+C  MI1A1

S (ld;])z =(lnz+C) A1

Note: A1 is for correct factorization.

1

OR
v+mg—2:1+3v+v2 A1

[ toee = [dz M1



dv _rl
[ty (=13de) an
Note: A1 is for correct factorization.

1
—15 = hnz(+C) A1A1
THEN

substitutey = lorv=1whenz =1 (M1)

therefore C = —% A1

Note: This A1 can be awarded anywhere in their solution.

substituting for v,

Note: Award for correct substitution of % into their expression.

Note: Award for any rearrangement of a correct expression that has y in the numerator.

y=zx ( L 1) (or equivalent) A1

(%7lnz>
(== (5m2))

[10 marks]

Examiners report

/A
b, [N/A]

Solve the differential equation

d
m2d—z = y% + 3zy + 222

given that y = —1 when x =1. Give your answer in the form y = f(z) .

Markscheme

— dy dv
puty=wxsothat — =v+z- MI



substituting, M1

’U—i—:l?% _ v2x2+3v2wz+2ac2 (: 2 +3v+ 2) (A1)

T

mg—’;zv2+2v+2 Al

dv dz
f v H20+2 z M1

dv _ pdx
J (w+1)%+1 [+ @b

arctan(v+ 1) =lnz +c Al

Note: Condone absence of ¢ at this stage.

arctan(%+1):lnm+c Ml
Whenx=1,y=-1 Ml
c=0 Al

%-Fl:tanln:z:
y=z(tanlnz — 1) Al

[11 marks]

Examiners report

Most candidates recognised this differential equation as one in which the substitution y = vx would be helpful and many reached the stage of

separating the variables. However, the integration of : = proved beyond many candidates who failed to realise that completing the square

v?H2u

would lead to an arctan integral. This highlights the importance of students having a full understanding of the core calculus if they are studying

this option.

Let f(z) = e"sinz.

a. Show that f"(z) = 2 (f'(z) — f(=)). (4]

b. By further differentiation of the result in part (a) , find the Maclaurin expansion of f(z), as far as the term in z0. [6]

Markscheme

a. f'(z) =e*sinz + e*cosz MI1A1
f"(z) =e"sinz + e*cosz — e*sinz + e* cosz = 2e* cosz Al
=2(e"sinz +e*cosz —e*sinz) M1

=2(f'(z) - f(z)) AG
[4 marks]



b. f(0) =0, f/(0) =1, f'(0) =2(1-0)=2 (M1)A1
Note: Award M1 for attempt to find £(0), f'(0) and f”(0).

(@) =2(f"(x) - f'(z) M
f10)=22-1)=2, f(0)=22-2) =0, f(0) =2(0-2) = —4 A1
sof(@) =z + 22’ + 52— 5 +... (M1)AT
=z+al+ g2’ — 5ad+ ...

[6 marks]

Total [10 marks]

Examiners report

a0 INA
b, [N/A]

dz

Find the exact value of fooo e

Markscheme

1 A B A(2z+1)+B(z+2)
Let ey “ a2 T = = e MiAl

g=-2—A=—3 Al

z=-5—>B=2% A1 N3

1 ph 1
I=3J |:2z+1 - z+2)i|dm Mi
In(2z + 1) — In(z + 2)]} A1
: 2h+1 1
im ((3)) 3]

1 1
—3(m2-my) a1

1
3
1
3

2
=22 Al

Note: If the logarithms are not combined in the third from last line the last three 47 marks cannot be awarded.

Total [9 marks]

Examiners report

Not a difficult question but combination of the logarithms obtained by integration was often replaced by a spurious argument with infinities to get

an answer. log(oco 4 1) was often seen.



b. (i)

. . . . d .
Consider the differential equation % + ytanz = cos’z, given that y = 2 when x = 0.

(ii) Hence solve the differential equation, giving your answer in the form y = f(z).

Markscheme

hdy

a. useofy—>y+ o (M)

a. Use Euler’s method with a step length of 0.1 to find an approximation to the value of y when x = 0.3.

Show that the integrating factor for solving the differential equation is sec x.

x y dy hdy
dx dx
0 2 1 0.1
0.1 21 0.7793304775 0.07793304775
02 217793304775 0.5190416116 0.05190416116
0.3 2.229837209

Note: Award A1 for y(0.1) and A1 for y(0.2)

y(0.3) = 2.23 A2

[5 marks]

(i) IF = eltanzds) )

1F = U5 o

Note: Only one of the two (M1) above may be implied.

—Incosz) (

_ e( or e(lnsecac)) Al

=secx AG

(i) multiplying by the [F (M)

sec m% +ysecxtanx = cosx (Al)
%(ysec xz) =cosz (Al)

ysecx =sinz +c AlAl

puttingz =0, y=2=c =2
y=cosz(sinz +2) Al

[10 marks]

Examiners report

(5]

(10]



a. Most candidates knew Euler’s method and were able to apply it to the differential equation to answer part (a). Some candidates who knew
Euler’s method completed one iteration too many to arrive at an incorrect answer. Surprisingly few candidates were able to efficiently use their

GDCs to answer this question and this led to many final answers that were incorrect due to rounding errors.

b. Most candidates were able to correctly derive the Integration Factor in part (b) but some lost marks due to not showing all the steps that would
be expected in a “show that” question. The differential equation was solved correctly by a significant number of candidates but there were

errors when candidates multiplied by sec  before the inclusion of the arbitrary constant.

Let g(x) = sin z2, where x € R.

sint

22)—g(3
a. Using the result lim = 1, or otherwise, calculate lim M. [4]
t—0 t z—0 4z?
o0
b. Use the Maclaurin series of sin z to show that g(z) = nZ::O (—1)"% 2]
c. Hence determine the minimum number of terms of the expansion of g(z) required to approximate the value of fol g(z)dz to four decimal [7]
places.
a. METHOD 1
lim sin 42> —sin 922 Ml
z—0 422
= lim Sinde’ _ O)ipy sin0e® 4747
70 4a? 4750 9a?
_ 9 _ 5
=1- 1 X 1= -1 Al
METHOD 2
lim sin 42> —sin 922 Ml
z—0 422
— lim 8z cos 42> —18z cos 9z MlAl
z—0 8z
8—18 10 5
5 -5 -1 Al
[4 marks]
. . e n gen+l) . z 23 25
b. since s — n;(] (—1) W (OI‘ simr — F — ? ﬁ — .. .) (Ml)
(o @]
. 9 2(2n+1) . g2 6 10
sinz —T;)(—l)nm (or sing = & — & + & — ) Al

() = sinz? = i (—1)" 222 4G
9 2niD)!

[2 marks]

c. letl = fol sin z2dz

I
NgE:

n 1 1 _4n 1 g2 18 1 g0

(_1) Wfo 242 (fo de— fO ?dx—‘,— fO Fdx — ) Ml
n 1 [z4n+3](1) 3 11 771 11 71

(=1) (2n+1)! (4n+3) ([ﬁh N [%L * {1&5;}0 o Mi
n 1 1 1 1

(_1) (2n+1)!(4n+3) (W T Tx3! + TIx5  °° ) Al

(—1)"a,, where a,, =

i
(=}

I
8

S
I
o

Il
N

i
(=}

I
Nk

m>0foralln€N

3
Il
oS



o0
as {a, } is decreasing the sum of the alternating series Y (—1)"a,
n=0

N N
lies between > (—1)"a, and Y (-1)"a, tay,1 RI
n=0 n=0

hence for four decimal place accuracy, we need |ay+1]| < 0.00005 M1

N |",\'—1|
_ 0.0000757576
1 11(5!)
1
=0.0000132275
2 15(71)

since az+1 < 0.00005 RI
so N =2 (or3terms) Al
|7 marks]

Examiners report

a. Part (a) of this question was accessible to the vast majority of candidates, who recognised that L’Hopital’s rule could be used. Most candidates
were successful in finding the limit, with some making calculation errors. Candidates that attempted to use alvlg% % = 1 or a combination of
this result and L’Hopital’s rule were less successful.

b. In part (b) most candidates showed to be familiar with the substitution given and were successful in showing the result.

c. Very few candidates were able to do part (c) successfully. Most used trial and error to arrive at the answer.

2

T

(a) Using the Maclaurin series for the function e®, write down the first four terms of the Maclaurin series fore™ 2.

u2
(b) Hence find the first four terms of the series for foz e 2du.

22
(c)  Use the result from part (b) to find an approximate value for L e Tda.
p PP 72 Jo

Markscheme

@ e =ltotititit..
putting x = _sz M1)
22

2 4 6 2 4
- o~ 1 _ z° A AP _z z _z
eTa1-L g L (1 i 48) A2

[3 marks]

: _2 w3 P o7 z
O fy e Tdum [u— g+ o - g MG

5 7

3
S z __z
=z 3x2 + 5x2%x2! 7x2%%3! Al

_ e 2 2T
(_$_6+40 336)




[3 marks]

22
(¢) putting x =1 in part (b) gives f01 e 2dx ~0.85535... (MI1)(Al)
22
== Jo e Tde~0341 a1

[3 marks]

Total [9 marks]

Examiners report

This was one of the most successfully answered questions. Some candidates however failed to use the data booklet for the expansion of the series,

thereby wasting valuable time.

oo
. . . . 2
Consider the infinite series }; =z
n=1

a. Find the radius of convergence. [4]
b. Find the interval of convergence. 3]
c. Given thatx =— 0.1, find the sum of the series correct to three significant figures. (4]

Markscheme

(n+1)2z"+1
a. . Un+1 . n+1
lim —— = lim —2- MI
n—00 n n—oo nex

o0
= 4 (sinceim — £ asn — 00) Al
the radius of convergence R is found by equating this limit to 1, giving R=2 Al
[4 marks]
b. when x = 2, the series is Y n? which is divergent because the terms do not converge to 0 R1
when x = -2, the series is Y (—1)"n? which is divergent because the terms do not converge to 0 R1
the interval of convergence is | -2, 2[ A1
[3 marks]
c. puttingx=-0.1, (M)
for any correct partial sum (A1)
—-0.05
—0.04

—0.041125



—0.041025
—0.0410328 (A1)
the sum is — 0.0410 correct to 3 significant figures A1

[4 marks]

Examiners report

a.

It was pleasing that most candidates were aware of the Radius of Convergence and Interval of Convergence required by parts (a) and (b) of this
problem. Many candidates correctly handled the use of the Ratio Test for convergence and there was also the use of Cauchy’s n root test by a
small number of candidates to solve part (a). Candidates need to take care to justify correctly the divergence or convergence of series when

finding the Interval of Convergence.

. It was pleasing that most candidates were aware of the Radius of Convergence and Interval of Convergence required by parts (a) and (b) of this

problem. Many candidates correctly handled the use of the Ratio Test for convergence and there was also the use of Cauchy’s n root test by a
small number of candidates to solve part (a). Candidates need to take care to justify correctly the divergence or convergence of series when

finding the Interval of Convergence.

The summation of the series in part (c) was poorly handled by a significant number of candidates, which was surprising on what was expected
to be quite a straightforward problem. Again efficient use of the GDC seemed to be a problem. A number of candidates found the correct sum

but not to the required accuracy.

dy y

Consider the differential equation — = forz, y > 0.

(@)
(b)
(©)
(i)

de zyay’
Use Euler’s method starting at the point (z, y) = (1, 2), with interval h = 0.2, to find an approximate value of y when z = 1.6.

Use the substitution y = vz to show that 2% = —2— — ¢
dr 14

(i) Hence find the solution of the differential equation in the form f(z, y) = 0, given that y = 2 when z = 1.

Find the value of y when z = 1.6.

Markscheme

(2)

let f(z, y) = 7=

y(1.2) = y(1) + 0.2f(1, 2) (= 24 0.1656...) (M2)(AI)
—2.1656... Al
y(1.4) = 2.1656... + 0.2f(1.2, 2.1256...) (= 2.1656... + 0.1540...) (MI)

Note: M1 is for attempt to apply formula using point (1.2, y(1.2)).

=23197... Al

y(1.6) =2.3197...+0.2f(1.4, 2.3197...) (= 2.3297... 4+ 0.1448...)
=246 (3sf) A1 N3

[7 marks|



(b) y:vwég—i’:v—&—w% M1)

%:m+f/@:>v+m%:z+ffm MI
év+z%:w+”;ﬁ(asx>0) Al
:mj—izlfﬁ—v AG

[3 marks]

© @ wg—;zlfﬁ—v

dv _ —ov 1+Vv
Tar = 1+v = —vWo
S ldav=[Laz )

dv = %dfv Ml

%—lnv:h‘lm—i—c AlAl

Note: Do not penalize absence of +C at this stage; ignore use of absolute values on \(v\)and \(x\) (which are positive anyway).

2\/%fln%:1nx+Casy:vm:>v:% M1

y=2whenz=1=+2-In2=0+C MI
2\/%—ln%:lna:+\/§—ln2

2\/%—1n%—lnm—\/§—|—ln2:0 (2\/%—lny—\/§—|—ln2—0> Al
(i) 2/=-Inis —Inl6-v2+m2=0 (M)

y=245 Al

[9 marks]

Examiners report

Part (a) was well answered by most candidates. In a few cases calculation errors and early rounding errors prevented candidates from achieving
full marks, but most candidates scored at least a few marks here. In part (b) some candidates failed to convincingly show the given result. Part (c)
proved to be a hard question for many candidates and a significant number of candidates had difficulty manipulating the algebraic expression, and
either had the incorrect expression to integrate, or incorrectly integrated the correct expression. Many candidates reached as far as separating the
variables correctly but integrating proved to be too difficult for many of them although most realised that the expression on v had to be split into
two separate integrals. Most candidates made good attempts to evaluate the arbitrary constant and arrived at a correct or almost correct expression
(sign errors were a common error) which allowed follow through for part b (ii). In some cases however the expression obtained was too simple or

was omitted and it was not possible to grant follow through marks.

a. Show thaty = % J f(z)dz is a solution of the differential equation [3]
dy
r +y= f(z), > 0.

d _1
b. Hence solve m% +y=2a"%, x> 0,giventhaty = 2 whenz = 4. [5]

Markscheme



a. METHOD 1
% = —% [ f(x)dz + ~ f(z) MIM1AT

d
m% +y=f(z),z>0 AG
Note: M1 for use of product rule, M1 for use of the fundamental theorem of calculus, A1 for all correct.

METHOD 2
e +y= f(z)
% = f(z) (M)
zy = [ f(z)dz M1A1
y=+ [f(z)dz AG
[3 marks]

b. y = %(2# + c) A1A1

Note: A7 for correct expression apart from the constant, A7 for including the constant in the correct position.

attempt to use the boundary condition M1

c=4 A1

y:%(Zx%+4) At

Note: Condone use of integrating factor.
[5 marks]

Total [8 marks]

Examiners report

a. This question allowed for several different approaches. The most common of these was the use of the integrating factor (even though that just took
you in a circle). Other candidates substituted the solution into the differential equation and others multiplied the solution by x and then used the

product rule to obtain the differential equation. All these were acceptable.

b. This was a straightforward question. Some candidates failed to use the hint of ‘hence’, and worked from the beginning using the integrating factor.

A surprising number made basic algebra errors such as putting the +c term in the wrong place and so not dividing it by x.

Consider the differential equation

d
:B—y:y+,/w2—y2, z >0, 2% > 9>
dx



a.

b.

Show that this is a homogeneous differential equation.

Find the general solution, giving your answer in the form y = f(z) .

Markscheme

E

the equation can be rewritten as

dy y+Val—y? y v)2
E:TZEMM—(;) Al

so the differential equation is homogeneous AG

[1 mark]

. puty:vxsothat% :v+m% MIAl

substituting,

v—l—w%:v—i—\/l——v? M1
S
arcsinv=Inz+C Al

2 —sin(lnz+C) Al
y=zsin(lnz +C) Al
|7 marks]

xaminers report

Determine the values of a and b for which the expansion of f{x) agrees with that of e” up to and including the term in

a [N/A]

b, IN/A]

The function f(z) = ﬂ:;

(@ (i) Show thate, = (—b)"(a—b).

(i)  State the value of R.

(b)

(c) Hence find a rational approximation to e% .

Markscheme

(@)

@ flz)=0Q+az)(1+bx)!

=(14+az)(1—bz+...(—-1)""z" +... MIAI

it follows that

Cn

= (=1)"b" + (1) lab ! MIAI

= (=b)" Ya—b) AG

2

oo
can be expanded as a power series in x, within its radius of convergence R, in the form f(z) =1+ Y c,2".
n=1

(1]
(7]



.. 1
(i1) R:W Al

[5 marks]

(b) to agree up to quadratic terms requires

l1=-b+a, 3 =b0"—ab MIAIAI
from whicha = —b = % Al

[4 marks]

(© e””%k%z Al

putting x =

o)
(-3) °

[3 marks]

Total [12 marks]

| =
S

e

Examiners report

Most candidates failed to realize that the first step was to write f{x) as (1 + az)(1 + bz)~! . Given the displayed answer to part(a), many

candidates successfully tackled part(b). Few understood the meaning of the ‘hence’ in part(c).

a. Find the first three terms of the Maclaurin series for In(1 + e®) . (6]

2In(1+e”)—z—In4
—_— .

b. Hence, or otherwise, determine the value of lim (4]

z—0 z

Markscheme

a. METHOD 1

f(z) =In(1+¢€"); f(0)=In2 AI

fl(@) = 1% 1'(0) = 5 Al

Note: Award A0 for f'(x) = Tlez; f'(0) = %

Z(14e%)— 2z
f'(@) = S f(0) = ¢ Ml

Note: Award M0AO for f"(z) if f'(z) = H% is used
In(1+e’) =In2+ sz + 2> +... MIAI
|6 marks]

METHOD 2



In(1+e”) =In(1+1+z+32’+...) MIAl
=In2+In(l+5z+ 22 +...) Al

2
_ 1 1 o 1(1 1 9
=2+ (bo+ Jart.) - 3(Fe+ 2t ) oAl
1

Zx2 4 ... Al

:ln2+%m+%m2— .

:1n2+%x+éa:2+... Al

[6 marks]

b. METHOD 1
lim 2ln(1+ezgfzfln4 — lim 21n2+z+%2+z3 terxzns& above—z—In4 MiAl
z—0 z z—0 X

= lim(l + powers of m) =1 Mmia1
z—0\ 4 4

Note: Accept + ... as evidence of recognition of cubic and higher powers.
Note: Award M1AOM1A0 for a solution which omits the cubic and higher powers.

[4 marks]

METHOD 2

using I’Hopital’s Rule

lim 21n(1+ezgfzfln4 — lim 2e%+(14€%)-1 MIAl
z—0 T z—0 2z
T . xT 2
— lim 2504 1 araq
z—0 2 4
[4 marks]

Examiners report

a. In (a), candidates who found the series by successive differentiation were generally successful, the most common error being to state that the
derivative of In(1 + e®) is (1 + e”) 1. Some candidates assumed the series for In(1 + z) and e® attempted to combine them. This was
accepted as an alternative solution but candidates using this method were often unable to obtain the required series.

b. In (b), candidates were equally split between using the series or using I’Hopital’s rule to find the limit. Both methods were fairly successful, but

a number of candidates forgot that if a series was used, there had to be a recognition that it was not a finite series.

The function fis defined by f(z) = ele”™1)

(a) Assuming the Maclaurin series for e” , show that the Maclaurin series for f(z)

isl+m+x2+%w3+....

flz)-1
T -

(b) Hence or otherwise find the value of lim ————
=0 f'(z)—

Markscheme



(a) e””—lza;—w—”;—i—%z—i—... Al

2 3\2 2 ,3\3
. +E 42z +Z 4z
ee’1:1+($+%2+%3>+<m 3 a +(ﬂf 5 o) .. MIAI

2 3 2 3 3
:1+$+%+%+%+%+%+... MIAI
=1+z+a®+ga®+... AG

[5 marks]

(b) EITHER

flle)y=1+2z+ % + .. 4l

fl@)-1  a+a?+523/6+...

fl(x)-1 —  2z+ba?/2+... MiAl
14zt

T 245z/2+... Al

—>%asa:—>0 Al

[5 marks]
OR

using I’Hopital’s rule, M1
ez—1)71

lim €. — lim <" M4l

-1 _1/_1 eleT+z—1)_1
z—0 z—0

. (eT+z—1)
= lim W Al

z—0 € x(e"+1)
1
[5 marks]

Total [10 marks]

Examiners report

Many candidates obtained the required series by finding the values of successive derivatives at x = 0, failing to realise that the intention was to
start with the exponential series and replace x by the series for e® — 1. Candidates who did this were given partial credit for using this method.

Part (b) was reasonably well answered using a variety of methods.

o0
a. Determine whether the series » | sin % is convergent or divergent. (5]
=1
(e 9] 1 "
b. Show that the series > 5 is convergent. 7]
n—o n(lnn)

Markscheme

[e.°]
a. comparing with the series % Al
n=1

using the limit comparison test (M1)



o1
. sin =
lim —*
n—o0 =
n

oo

=1

(hmsm$)1 MIAI

z—0 T

since Y % diverges, > sin% diverges Al
n n=1

[5 marks]
b. using integral test (M1)

letu=Inxz (MI)

du 1
% 7
1 1 1 1
f z(lnz)2 dz = fﬁdu = _E(: _E> Al
[e8) 1 T 1 ]
= f2 z(Inz) dr = ah~>1£10 [_E]Q

a—00 Ina In2

— lim (_L+L) (MI)(AI)
maew,—%«W Al
na
1

o0 1
——dr = —
= f2 z(lnz) In2

hence the series is convergent AG

[7 marks]

Examiners report

a. This question was found to be the hardest on the paper, with only the best candidates gaining full marks on it. Part (a) was very poorly done
with a significant number of candidates unable to start the question. More students recognised part (b) as an integral test, but often could not
progress beyond this. In many cases, students appeared to be guessing at what might constitute a valid test.

b. This question was found to be the hardest on the paper, with only the best candidates gaining full marks on it. Part (a) was very poorly done
with a significant number of candidates unable to start the question. More students recognised part (b) as an integral test, but often could not

progress beyond this. In many cases, students appeared to be guessing at what might constitute a valid test.

Find the general solution of the differential equation tj—?z =cost — 2y, fort>0.

Markscheme

recognise equation as first order linear and attempt to find the [F M1

2
IF=el 74 =2 41
solution yt? = [tcostdt MI1A41l
using integration by parts with the correct choice of u andv  (M1)
[tcostdt = tsint + cost(+C) Al

sint cost+C
nt smtiC 4y

obtain y =
[7 marks]

Examiners report



Perhaps a small number of candidates were put off by the unusual choice of variables but in most instances it seemed that candidates who
recognised the need for an integration factor could make a good attempt at this problem. Candidates who were not able to simplify the integrating
factor from e2!%* to 2 rarely gained full marks. A significant number of candidates did not gain the final mark due to a lack of an arbitrary

constant or not dividing the constant by the integration factor.

Consider the infinite series

1 1 N 1 1 N
2In2 3ln3 4Iln4 5ln5

(a) Show that the series converges.

(b) Determine if the series converges absolutely or conditionally.

Markscheme

(a) applying the alternating series test as Vn > 2, ﬁ eR" M1

1 1
vn, (n+1)In(n+1) S nlnn Al

lim —— =0 Al

n—oo nlnn

hence, by the alternating series test, the series converges RI1

[4 marks]

(b) as T::m: is a continuous decreasing function, apply the integral test to determine if it converges absolutely (M1)

c© 1 . b 1
L ——dz :l}irgo L ——dz MlAl

letu =Inz thendu = +dx (MDAl
f%du =Inu (41)

iw dz = lim [In(Inz)])} which does not exist MIA41A41

. b
hence, lim [,
b—00 zl b—o00

hence, the series does not converge absolutely  (41)
the series converges conditionally A7

[11 marks]
Total [15 marks]

Examiners report

Part (a) was answered well by many candidates who attempted this question. In part (b), those who applied the integral test were mainly

successful, but too many failed to supply the justification for its use, and proper conclusions.



[e¢]
a. Find the value of [ —da. [3]
4

o0 o0 o0
b. lllustrate graphically the inequality % <[ %dw <X % (4]
n=5 4 —

n=4
= 1
C. Hence write down a lower bound for > —-. (1]
n=4 "
= 1
d. Find an upper bound for 3> =. [3]
n=4

Markscheme
a [ Ldr=lm [ Lldr @Ay

Note: The above A1 for using a limit can be awarded at any stage.
Condone the use of lim .
T—00

Do not award this mark to candidates who use oo as the upper limit throughout.

g [5e] (= [5]]) w

= lim (-3 (R 2-472))

R—00

]l

= A1

[3 marks]

v

b. :
0,02+

A1A1A1A1

T
1

rs
e
~
Ln

[} 7 8

A1 for the curve

A1 for rectangles starting at z = 4
A1 for at least three upper rectangles
A1 for at least three lower rectangles

Note: Award AOA1 for two upper rectangles and two lower rectangles.

sum of areas of the lower rectangles < the area under the curve < the sum of the areas of the upper rectangles so
1 T 1

n=>5 4 n=4

[4 marks]

L1
c. alower bound is ) A1



Note: Allow FT from part (a).

[1 mark]

d. METHOD 1

>, 1 1
" < (M)

3

1 1 1 1
H+§5F:3_2+a (M")
1 3

> — < g7 anupperbound A1
n=4

Note: Allow FT from part (a).

METHOD 2

changing the lower limit in the inequality in part (b) gives

Z%<f%d$<< Z%) (A1)
3 n=3

n=4

ad 1 . 1 _9 R
Y = < lim —3T (M1)
3

o0
> % < 1—18 an upper bound A1
n=4

Note: Condone candidates who do not use a limit.

[3 marks]

Examiners report

IN/A]
" IN/A]
" N/A]
[N/A]

2
n243n "

oo
Consider the infinite series >
n=1

Use a comparison test to show that the series converges.

Markscheme

EITHER
<o o
712::1"+3” <n§1? Mi

which is convergent A1
the given series is therefore convergent using the comparison test AG

OR

2

lim 225 =2 MIAI
n—oo _2
the given series is therefore convergent using the limit comparison test AG

[2 marks]




Examiners report

Most candidates were able to answer part (a) and many gained a fully correct answer. A number of candidates ignored the factor 2 in the
numerator and this led to candidates being penalised. In some cases candidates were not able to identify an appropriate series to compare with.

Most candidates used the Comparison test rather than the Limit comparison test.

The general term of a sequence {a, } is given by the formula a,, = %, necZt.
(a) Determine whether the sequence {a,} is decreasing or increasing.
(b)  Show that the sequence {a,} is convergent and find the limit L.

(c) Find the smallest value of N € Z™ such that |a,, — L| < 0.001, for alln > N.

Markscheme

n_ on 2 n+1
@ an=5F=5+3(3) >3+3(3) =on M1

the sequence is decreasing (as terms are positive) A1

Note: Accept reference to the sum of a constant and a decreasing geometric sequence.

e’ +2z

Note: Accept use of derivative of f(x) = = (and condone use of n) and graphical methods (graph of the sequence or graph of corresponding
function f or graph of its derivative f").
Accept a list of consecutive terms of the sequence clearly decreasing (eg 0.8678 ..., 0.77067..., ...).
[3 marks]
(b) L= lim a, = lim l+l(3)"=l+l x0=1 MIlAl
n=oo " n—oo 2 2\ ¢ 2 2 2
[2 marks]
1 1, 1(2\" 1 1/2\" 1
© Jan— 3= ‘5+ 5(—) —5‘ = ’5(:) <Tw M
EITHER

= (5) >500 @p
=n>20.25... (4]

OR

= (%) < 500

=n>2025... (AD)(AD)

Note: A1 for correct inequality; 41 for correct value.
THEN

therefore N =21 Al
[4 marks]

Examiners report



Most candidates were successful in answering part (a) using a variety of methods. The majority of candidates scored some marks, if not full
marks. Surprisingly, some candidates did not have the correct graph for the function the sequence represents. They obviously did not enter it
correctly into their GDCs. Others used one of the two definitions for showing that a sequence is increasing/decreasing, but made mistakes with the
algebraic manipulation of the expression, thereby arriving at an incorrect answer. Part (b) was less well answered with many candidates ignoring
the command terms ‘show that’ and ‘find’ and just writing down the value of the limit. Some candidates attempted to use convergence tests for
series with this sequence. Part (c) of this question was found challenging by the majority of candidates due to difficulties in solving inequalities

involving absolute value.

Consider the series > (—1)" -

=1 nx2"’

a. Find the radius of convergence of the series. [7]

b. Hence deduce the interval of convergence. [4]

Markscheme

a. using the ratio test (and absolute convergence implies convergence) (M1)

(71)n+lzn+1
. n . n+1
lim |2 = lim |22 | 4141
n—ool Un n=oco| (1)"=
(n)2"

Note: Award A1 for numerator, 41 for denominator.

— lim (—1)" I xz" xnx2®
T RSoo| (1) x (n41)x 2" X
= lim ——|z| (Al

n—oo 2(n+1) ‘ | AD
ld

=5 Al

G
for convergence we require - <1 M1

= |z| <2
hence radius of convergence is2 A1
[7 marks]

b. we now need to consider what happens when z = +£2 (M1)

R

n

when x = 2 we have ) which is convergent (by the alternating series test) A1
n=1

o0
when x = -2 we have Y % which is divergent A1
n=1

hence interval of convergence is | -2, 2] Al

[4 marks]

Examiners report



a. Most candidates were able to start (a) and a majority gained a fully correct answer. A number of candidates were careless with using the
absolute value sign and with dealing with the negative signs and in the more extreme cases this led to candidates being penalised. Part (b)
caused more difficulties, with many candidates appearing to know what to do, but then not succeeding in doing it or in not understanding the
significance of the answer gained.

b. Most candidates were able to start (a) and a majority gained a fully correct answer. A number of candidates were careless with using the
absolute value sign and with dealing with the negative signs and in the more extreme cases this led to candidates being penalised. Part (b)
caused more difficulties, with many candidates appearing to know what to do, but then not succeeding in doing it or in not understanding the

significance of the answer gained.

Solve the differential equation

d
w2—y = y? 4 zy + 422,
dz

given that y = 2 when x =1. Give your answer in the form y = f(z).

Markscheme

Puty:vwsothatj—zzv+m% M1)

the equation becomes v + xg—z = +v+4 Al

dv dx
vi+4 T 4 Al

%arctan(%) =lnz+C AIAl

substituting(z, v) = (1, 2)
C=I MiAl

the solution is

arctam(%)zﬂna:—i—E Al
y:2wtan(21n:c+§) Al

[9 marks]

Examiners report

Most candidates recognised this differential equation as one in which the substitution y = vz would be helpful and many carried the method
through to a successful conclusion. The most common error seen was an incorrect integration of H%U with partial fractions and/or a logarithmic

evaluation seen. Some candidates failed to include an arbitrary constant which led to a loss of marks later on.



The function f is defined by f(z) = e *cosz + z — 1.

By finding a suitable number of derivatives of f, determine the first non-zero term in its Maclaurin series.

Markscheme

f(0)=0 A1

f(z) = —e%cosz—e “sinz+1 MIAT
F(0)=0 (1)

f"(z) =2¢ "sinz At

F(0) =0

fO)(z) = —2e sinz +2e cosx Al
FO(0) =2

3 3
the first non-zero term is 231, <: %) A1

Note: Award no marks for using known series.

[7 marks]

Examiners report

Most students had a good understanding of the techniques involved with this question. A surprising number forgot to show f(0) = 0. Some

candidates did not simplify the second derivative which created extra work and increased the chance of errors being made.

2 2
Consider the differential equation g—i’ =1 ;;f

for which y =—1 when x = 1.

(a) Use Euler’s method with a step length of 0.25 to find an estimate for the value of y whenx =2 .

(b) (@)

(i) Find the value of y whenx =2 .

Solve the differential equation giving your answer in the form y = f(z) .

Markscheme

(a) Using an increment of 0.25 in the x-values A1

Note: The 41 marks are awarded for final column.

n X Ya f ('Tu E -:I"I.-rj j'gf(_\_-" » J'I.-fj Yo =V, + hf (xn » -J"I.-rj

0 1 -1 1 0.25 -0.75 (M1)41
1 1.25 -0.75 0.68 017 —0.58 Al
2 15 —0.58 0.574756 0.143689 —0.4363 Al
3 1.75 |—0436311| 0531080 0.132770 —03035 Al



= y(2) = —0.304 Al
[7 marks]

b)) (G lety=w MI

d dv
:>d—z:v+xa (A1)

dv _ 2?4d?
=S V+ T = o M1)

dv 1—2v+v2
=gl =12 g

dv _ (1-v)
= IEH = 2 Al

=2(1—-v) t=lnz+c AlAl

:>1iy:1na:—|—c

T

whenz =1, y=—-1=c=1 MIA4l

2z

=i Inz+1
2z zlnz—z
—Yy=z- 1+lnz (Z 1+lnz ) MiAl

. 4
(i) whenz =2, y = —0.362 (accept 2 - m) Al

[13 marks]
Total [20 marks]

Examiners report

Part (a) was well done by many candidates, but a number were penalised for not using a sufficient number of significant figures. Part (b) was
started by the majority of candidates, but only the better candidates were able to reach the end. Many were unable to complete the question

correctly because they did not know what to do with the substitution y = vx and because of arithmetic errors and algebraic errors.

. e d -
a. Given that y = ln<1+§ ), show that & = <= — 1. 5]
b. Hence, by repeated differentiation of the above differential equation, find the Maclaurin series for y as far as the term in z*, showing that ~ [11]

two of the terms are zero.

Markscheme

a. METHOD 1

y=Tn(1e")

dy =2t _ —e7
dz — 2(1te ®) Ife® MiAl




nowHTﬁ =e¥ Ml
=1+e®=2e

=e*=2e-1 (4]

dy _ _2e¥+1
=>4 = 5w (Al)

Note: Only one of the two above A1 marks may be implied.

dy -y
> 2=<l="1 AG

Note: Candidates may find % as a function of x and then work backwards from the given answer. Award full marks if done correctly.

METHOD 2

y = 1n< 1+267I)

1+e°
Te M1

=e¥ =
=>e*=2Y-1

=z=—In(2eY—-1) Al

dz 1
= d_y = T3 x 2e¥ MIAI
dy 2¢Y—1
= iz = f2ey Al
dy eV
[5 marks]
. METHOD 1

whenz =0, y=Inl1=0 Al

whenz =0, L =1-1=-1 a1
dzy_ -y dy
- T Ml

2
d 1 1

By ev(dy\2 v d¥y
m—7<a) — et 4141

a? 1
when z = 0, ﬁzg

y = £(0) + f'(0)e + Fa? 4+ Ha
=y=0—5z+522+ 02> +... (MDAI
two of the above terms are zero AG
METHOD 2

whenz =0, y=Inl=0 Al

dy 1 1



" 0 " 0
y=F(0) + f/(0)z + L0a2 L1043
:>y:O—%a:+%x2+Ow3+... M1)AI

two of the above terms are zero AG

[11 marks]

Examiners report

a. Many candidates were successful in (a) with a variety of methods seen. In (b) the use of the chain rule was often omitted when differentiating
e~ ¥ with respect to x. A number of candidates tried to repeatedly differentiate the original expression, which was not what was asked for,
although partial credit was given for this. In this case, they often found problems in simplifying the algebra.

b. Many candidates were successful in (a) with a variety of methods seen. In (b) the use of the chain rule was often omitted when differentiating
e Y with respect to x. A number of candidates tried to repeatedly differentiate the original expression, which was not what was asked for,

although partial credit was given for this. In this case, they often found problems in simplifying the algebra.

. 1 1 1 2 1 3 1 . .
Each term of the power seties —— + 5 + 552° + 572" + . - . has the form Ww”, where b(n) and ¢(n) are linear functions of n.

(a) Find the functions b(n) and ¢(n).
(b) Find the radius of convergence.

(c) Find the interval of convergence.

Markscheme

(@ bn)=3n+1 Al
c(n)=3n+2 Al

Note: b(n) and c(n) may be reversed.

[2 marks]

(b)  consider the ratio of the (n + 1) and n'® terms: ~ M1
3n+1 3n+2 2L Al

3n+4 3n+5 ™
. 3n+1 3n+2 P
,lg% 3n+4 X 3n+5 " Al

radius of convergence: R =1 Al
[4 marks]
(c) any attempt to study the series forz = —lorz =1 (M)



converges for z = 1 by comparing with p-series » :—2 R1

attempt to use the alternating series test forz = —1 (M1)
Note: At least one of the conditions below needs to be attempted for M1.

[terms| ~ # — 0 and terms decrease monotonically in absolute value A1

series converges forx = —1 RI

interval of convergence: [—1, 1] A1

Note: Award the RIs only if an attempt to corresponding correct test is made;
award the final A7 only if at least one of the R1s is awarded,
Accept study of absolute convergence at end points.

[6 marks]

Examiners report

[N/A]

Given that j—z — 2y? = e” and y = 1 when x = 0, use Euler’s method with a step length of 0.1 to find an approximation for the value of y when x =

0.4. Give all intermediate values with maximum possible accuracy.

Markscheme

R 7T/
x ¥ dy/dx 8y
0 1 3 03 MiAdl
01 |13 4 485170918 04485170918 Al
0.2 | 1.7485170918 | 7.336026799 0.7336026799 Al
03 | 2482119772 13.67169593 1367169593 Al
04 | 3849289365 Al

required approximation = 3.85 Al

[8 marks]

Examiners report

Most candidates seemed familiar with Euler’s method. The most common way of losing marks was either to round intermediate answers to
insufficient accuracy despite the advice in the question or simply to make an arithmetic error. Many candidates were given an accuracy penalty for

not rounding their answer to three significant figures.



a. Consider the functions f(z) = (Inz)?, = > 1and g(z) = In(f(z)), = > 1. (5]

(i) Find f'(=).
(i) Find ¢'(z).
(iii) Hence, show that g(z) is increasing on |1, ool.

b. Consider the differential equation [12]

dy 2 2z — 1
Inz)— + —y=—- 1.
(nw)dz+xy (lnac)’m>

(i) Find the general solution of the differential equation in the form y = h(z).
:czfa:Jre

(i)  Show that the particular solution passing through the point with coordinates (e, e2) is given by y = e

(iii)  Sketch the graph of your solution for > 1, clearly indicating any asymptotes and any maximum or minimum points.

Markscheme

a. (i) attempt at chainrule (M1)

f/(.’If) _ 2lnz Al

T

(i) attempt at chainrule (M1)
g(@) =5 Al

zlnz

(i) g'(x) is positive on |1, co| Al
so g(z) is increasing on |1, co[ AG
[5 marks]

b. (i) rearrange in standard form:

W2 Bl a1 Al

Az zlnz (Inz)

integrating factor:

N 1))

_ eln((lnz)2>

= (Inz)? (A1)

multiply by integrating factor (M1)
(lnac)Q% 4+ 2Ty —9p—1

T

% (y(ln :1;)2) =2 —1 (or y(In x)2 = [2z— 1dm> Ml

attempt to integrate: M1
(nz)y=a>—2z+c

_ w27w+c
y= (lnav)2 Al

(i)  attempt to use the point (e, €*) to determine c: M1
2

eg, (Ine)?e’ =e* —e+core’ = e(l—_e;;E ore?=e?—e+c
ne

c=e Al

2
_ z°—zx+e
y= (lnz)2 AG



(ii)
50 ' |

30
20

10+

0 I I I [ | +’x

1 2 3 4 5 6
graph with correct shape A1
minimum at z = 3.1 (accept answers to a minimum of 2 s.f) A1

asymptote shownatz =1 Al

Note: y-coordinate of minimum not required for A7;
Equation of asymptote not required for A1 if VA appears on the sketch.

Award A0 for asymptotes if more than one asymptote are shown

[12 marks]

Examiners report

o INVA]
b, [N/A]

1

yroy is convergent.

(o]
a. Using the integral test, show that |
n=1

4n2+1 4x12+1 422 +1

o0
b. (i) Show, by means of a diagram, that 21 <+ floo —dz.
n=

o]

(ii) Hence find an upper bound for 42—11
1 n

n=

Markscheme
a. [zgde = jarctan2z +k  (MI)(AD)

Note: Do not penalize the absence of “+£”.

1 1.
= 7de = 7 lim [arctan 2z]7  (MD)

(4]

(4]



Note: Accept % [arctan 2z]7°.

1(n _
-1 (5 — arctan 2) (=0.232) Al

hence the series converges AG

[4 marks]
b. (i)

~Y

lad+ | .

i : N X
0 \ 2 3 4 5 ”

o0
The shaded rectangles lie within the area below the graph so that L < floo L_dax. Adding the first term in the series, _123’ gives
n=2 X

4n2+1 4x241 4x1
o0

1 1 o] 1
21 4n’+1 < 4x1241 + fl 42241 dz  RIAG

(if)  upper bound = + + %(g _ arctan 2) (=0.432) Al

[4 marks]

Examiners report

a. This proved to be a hard question for most candidates. A number of fully correct answers to (a) were seen, but a significant number were
unable to integrate ﬁ successfully. Part (b) was found the hardest by candidates with most candidates unable to draw a relevant diagram,
without which the proof of the inequality was virtually impossible.

b. This proved to be a hard question for most candidates. A number of fully correct answers to (a) were seen, but a significant number were

1

unable to integrate ey successfully. Part (b) was found the hardest by candidates with most candidates unable to draw a relevant diagram,

without which the proof of the inequality was virtually impossible.

a. Prove that I}im faH %dx exists and find its value in terms of @ (where a € R"). [3]
—00
[o.¢]
b. Use the integral test to prove that > % converges. [3]
n=1

. Let), - =L. [6]
n=1



The diagram below shows the graph of y = ;—2

diagram

\ not to scale

1 2 3 k=1 k k41 k42 k43 x

(i) Shade suitable regions on a copy of the diagram above and show that

k
1 o 1
7;1?+fk+1?dl'<[/.

(i)  Similarly shade suitable regions on another copy of the diagram above and

k
show that L < >° = + [~ S dz .
n—=1 n x

k k
d. 1 1 1 1 5
Hence show that n§:1 =+ 7 < L < n§:1 = +3 2]
e. You are given that L = %2. (3]

By taking k =4 , use the upper bound and lower bound for L to find an upper bound and lower bound for 7 . Give your bounds to three

significant figures.

Markscheme

H
a lim [T Ldz= lim []" a1

H—o00 H—00 a
. -1 1

dm (o va) A

=1 Al

[3 marks]

1 . .. . . . 1
b. as { . } is a positive decreasing sequence we consider the function =

we look at floo %dz M1
U Sde=1 Al

since this is finite (allow “limit exists” or equivalent statement) R/

3 % converges AG



AN
‘\\

AR
AN

A

NSNS
\\\
0 1 % 3 x

attempt to shade rectangles M1
correct start and finish points for rectangles A1

since the area shaded is less that the area of the required staircase we have RI

k
Y Lt o sde <L AG
n=1

(i)
I

A

NN\ Y 9 v

k-l My D K3 X

Y,

W14 /77,

o
e
L,!

attempt to shade rectangles M1
correct start and finish points for rectangles A1

since the area shaded is greater that the area of the required staircase we have RI
k
1 o 1
L<n;ﬁ+f’“ —dz  AG

Note: Alternative shading and rearranging of the inequality is acceptable.

[6 marks]



© 1 1 o 1 1
d. fk+1 ?dm = =1 Jk ?dm =7 AlAl
Zk:l+i<L< iji+l AG
n=1 n? k+1 n—=1 n? k
[2 marks]

205 1 2 205 1 2
o M lcm <Mt (16236, < I < L6736..) Al

205 1 205 1
6(m+g)<ﬂ'< 6(@4‘2) M1)

312 <7 <317 Al N2
[3 marks]

Examiners report

a. Most candidates correctly obtained the result in part (a). Many then failed to realise that having obtained this result once it could then simply
be stated when doing parts (b) and (d)
b. Most candidates correctly obtained the result in part (a). Many then failed to realise that having obtained this result once it could then simply

be stated when doing parts (b) and (d)

In part (b) the calculation of the integral as equal to 1 only scored 2 of the 3 marks. The final mark was for stating that ‘because the value of the

integral is finite (or ‘the limit exists’ or an equivalent statement) then the series converges. Quite a few candidates left out this phrase.

¢. Most candidates correctly obtained the result in part (a). Many then failed to realise that having obtained this result once it could then simply

be stated when doing parts (b) and (d)

Candidates found part (c) difficult. Very few drew the correct series of rectangles and some clearly had no idea of what was expected of them.

d. Most candidates correctly obtained the result in part (a). Many then failed to realise that having obtained this result once it could then simply
be stated when doing parts (b) and (d)
e. Though part (e) could be done without doing any of the previous parts of the question many students were probably put off by the notation

because only a minority attempted it.

d
Consider the differential equation % = f(z, y) where f(z, y) = y — 2.

a. Sketch, on one diagram, the four isoclines corresponding to f(z, y) = k where k takes the values —1, —0.5, 0 and 1. Indicate clearly where  [2]

each isocline crosses the y axis.

b. A curve, C, passes through the point (0, 1) and satisfies the differential equation above. [3]

Sketch C' on your diagram.

c. Acurve, C, passes through the point (0, 1) and satisfies the differential equation above. 1]
State a particular relationship between the isocline f(z, y) = —0.5 and the curve C, at their point of intersection.
d. Acurve, C, passes through the point (0, 1) and satisfies the differential equation above. [4]

Use Euler’s method with a step interval of 0.1 to find an approximate value for y on C, when = 0.5.



Markscheme

7

A1 for 4 parallel straight lines with a positive gradient A1

A1 for correct y intercepts A1

[2 marks]




) /

/
AT for passing through (0, 1) with positive gradient less than 2
AT for stationary point on y = 2z

A1 for negative gradient on both of the other 2 isoclines A1A1A1
[3 marks]

. Theisocline is perpendicularto C  R1

[1 mark]

 Yni1 = Yn +0.1(yn — 22,) (= 1.1y, —0.2z,) (M1)(A1)

Note: Also award M1A1 if no formula seen but y, is correct.

yo=1, y1 =11, yp =1.19, y3 = 1.269, y, = 1.3359 (M1)
ys = 1.39 to 3sf A1



Note: M1 is for repeated use of their formula, with steps of 0.1.

Note: Accept 1.39 or 1.4 only.
[4 marks]
Total [10 marks]

Examiners report

a. Some candidates ignored the instruction to prove from first principles and instead used standard differentiation. Some candidates also only found

a derivative from one side.
b. Parts (b) and (c) were attempted by very few candidates. Few recognized that the gradient of the curve had to equal the value of k on the isocline.
c. Parts (b) and (c) were attempted by very few candidates. Few recognized that the gradient of the curve had to equal the value of k on the isocline.

d. Those candidates who knew the method managed to score well on this part. On most calculators a short program can be written in the exam to
make Euler’s method very quick. Quite a few candidates were losing time by calculating and writing out many intermediate values, rather than just

the x andy values.

Let the differential equation % =z +y, (z+y > 0) satisfying the initial conditions y=1 whenx=1. Also lety=c whenx=2.
a. Use Euler’s method to find an approximation for the value of ¢, using a step length of # = 0.1 . Give your answer to four decimal places. [6]
b. You are told that if Euler’s method is used with # = 0.05 then ¢ ~ 2.7921 , if it is used with 2 = 0.01 then ¢ ~ 2.8099 and if it is used [3]

with 2 = 0.005 then ¢ ~ 2.8121.

Plot on graph paper, with / on the horizontal axis and the approximation for ¢ on the vertical axis, the four points (one of which you have
calculated and three of which have been given). Use a scale of 1 cm = 0.01 on both axes. Take the horizontal axis from 0 to 0.12 and the
vertical axis from 2.76 to 2.82.

c. Draw, by eye, the straight line that best fits these four points, using a ruler. (1]

d. Use your graph to give the best possible estimate for ¢ , giving your answer to three decimal places. [2]

Markscheme

a. usingzg =1, yo=1

Tn =140.1n, ynt1 = yn + 0.1z, +yp, MDHMI)(A])
Note: If they have not written down formulae but have z; = 1.1 and y; = 1.14142. .. award MIMIAI.

gives by GDC 219 = 2, yio = 2.770114792... (MI)(Al)
soa~ 27701 (4dp) Al N6

Note: Do not penalize over-accuracy.

|6 marks]



187
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-3

1.1

14
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0-0f 0.\ kL

points drawn on graph above AI1A41A41

Note: Award A1 for scales, A1 for 2 points correctly plotted, A1 for other 2 points correctly plotted (second and third A7 dependent on the first
being correct).

[3 marks]
c. suitable line of best fit placed on graph 417
[1 mark]
d. letting h — 0 we approach the y intercept on the graph so  (R1)

c~2.814 (3dp) Al
Note: Accept 2.815.

[2 marks]

Examiners report

a. Part (a) was done well. We would recommend that candidates write down the equation they are using, in this case, yn11 = Yn + 0.1/Zpn + yn ,
to ensure they get all the method marks. Beyond this the answer is all that is needed (or if a student wishes to show working, simply each of the
values of z,, and y,) . Many candidates wasted a lot of time by writing out values of each part of the function, perhaps indicating they did not
how to do it more quickly using their calculators.

Part (b) Surprisingly when drawing the graph a lot of candidates had (0.01, 2.8099) closer to 2.80 than 2.81
Most realised that the best possible estimate was given by the y-intercept of the line they had drawn.



b. Part (a) was done well. We would recommend that candidates write down the equation they are using, in this case, yn+1 = yn + 0.1/, + yn ,
to ensure they get all the method marks. Beyond this the answer is all that is needed (or if a student wishes to show working, simply each of the
values of z,, and y,) . Many candidates wasted a lot of time by writing out values of each part of the function, perhaps indicating they did not

how to do it more quickly using their calculators.

Part (b) Surprisingly when drawing the graph a lot of candidates had (0.01, 2.8099) closer to 2.80 than 2.81
Most realised that the best possible estimate was given by the y-intercept of the line they had drawn.

c. Part (a) was done well. We would recommend that candidates write down the equation they are using, in this case, Yn+1 = yn + 0.1\/Zp, + Yn ,
to ensure they get all the method marks. Beyond this the answer is all that is needed (or if a student wishes to show working, simply each of the
values of z,, and y,) . Many candidates wasted a lot of time by writing out values of each part of the function, perhaps indicating they did not

how to do it more quickly using their calculators.

Part (b) Surprisingly when drawing the graph a lot of candidates had (0.01, 2.8099) closer to 2.80 than 2.81
Most realised that the best possible estimate was given by the y-intercept of the line they had drawn.

d. Part (a) was done well. We would recommend that candidates write down the equation they are using, in this case, yn+1 = yn + 0.1\/Zn + Yn ,
to ensure they get all the method marks. Beyond this the answer is all that is needed (or if a student wishes to show working, simply each of the
values of z,, and y,,) . Many candidates wasted a lot of time by writing out values of each part of the function, perhaps indicating they did not

how to do it more quickly using their calculators.

Part (b) Surprisingly when drawing the graph a lot of candidates had (0.01, 2.8099) closer to 2.80 than 2.81
Most realised that the best possible estimate was given by the y-intercept of the line they had drawn.



